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Technical Article

An Overview of TSV Fault-Tolerance Design in 3D IC

Qi Xu, University of Science and Technology of China

Abstract

In three dimensional integrated circuits (3D-ICs), through silicon via (TSV) is a critical technique in providing
vertical connections. However, the yield is one of the main obstacles to the adoption of the TSV-based 3D-
ICs technology in industry. Various TSV fault-tolerance designs using redundant TSVs have been proposed in
literature to improve yield and reliability. In this paper, we review some recent TSV fault-tolerance approaches.
We hope to inspire more work and to see more talented methods in this field.

1 Introduction

As device feature sizes continue to rapidly decrease, interconnection delay is becoming a bottleneck limiting IC
performance. Three dimensional integrated circuits (3D-ICs) technology involves the vertical stacking of multiple
dies connected by through silicon vias (TSVs), providing a promising way to alleviate the interconnect problem
and achieve a significant reduction in chip area, wire-length and interconnect power [1]. Research shows that the
average wire-length of 3D-ICs varies with the square root of the number of layers [2]. In addition, 3D-ICs also offer
the potential for heterogeneous integration, which is essential for More than Moore (MtM) technology. Figure 1
illustrates an example of a 3D-IC, where CPUs, memories, analog circuits and sensors are stacked together. Although
3D integration has already appeared in commercial applications in the form of 3D memory, there are still significant
open problems in both research and implementation [3].

One fundamental problem in 3D-ICs is the TSV yield loss. General speaking, there are two types of yield
losses in 3D-ICs, which are caused by defects in stacked dies or defects introduced during the assembly process
[4]. In the former case, pre-bonding testing is essential to avoid the stacking of defective dies [5]. Several inter-die

Figure 1: 3D-IC provides a solution for heterogeneous integration [3].
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Figure 3: Router-based TSV redundancy structure.

repairing and die/wafer matching methods have also been proposed to enhance the stacking yield [6]. In the latter
case, adding spare TSVs (denoted as s-TSVs) to repair faulty functional TSVs (denoted as f-TSVs) is an effective
strategy to increase yield and ensure reliability. By adding the multiplexers (i.e., Muxes) and carefully designing the
reconfigurable TSV replacing paths, a TSV fault-tolerance structure can be constructed, where the s-TSVs are used
to transfer signals in the presence of faulty f-TSVs.

2 Related TSV Fault-Tolerance Works
In this section, we describe several TSV fault-tolerance structures, and discuss their pros and cons.

Hsieh et al. [7] proposed a regular TSV replacing chain structure, as shown in Figure 2. Each f-TSV is regularly
connected to the right-hand side neighboring TSV, and the rightmost f-TSV is connected to an s-TSV. However,
since only one s-TSV is inserted in each TSV group, the chain fault-tolerance structure cannot be repaired in case of
more than one faulty TSVs. Similarly, Wang et al. [8] presented a redundant TSV allocation technique for reducing
the yield loss. A greedy method is used to partition f-TSVs into groups and then an integer linear programming (ILP)
formulation is adopted to allocate s-TSVs for each group with minimization of delay overhead. But the generation
of fault-tolerance structure is not considered since they assume the regular chain structures always exist.

Jiang et al. [9] proposed a router-based TSV redundancy architecture to repair clustered TSV faults. As shown
in Figure 3, the f-TSVs are regularly distributed in a uniform 4× 4 grid structure, and the s-TSVs are placed on
the right and bottom boundaries of the structure. Thus, the signals are re-routed from two directions (from left to
right or from top to bottom). Besides, each f-TSV is connected to a router, which contains six ports and three 3-to-1
multiplexers. The signal and its corresponding f-TSV occupy two ports in the router, while the remaining four ports
are linked to other routers in four different directions. Therefore, the signal port and two linking ports (left and
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Figure 4: Ring-based TSV redundancy architecture.

top) can connect to the TSV port and the remaining linking ports (right and bottom) through the multiplexers. To
minimize the delay overhead due to signal re-routing, a heuristic search algorithm is developed to generate replacing
paths for each faulty TSV. As a result, the signals related to faulty TSVs can be re-routed to fault-free TSVs that are
distant rather than to the neighboring TSVs. Thus, the router-based redundancy structure achieves a high TSV yield
for the clustered fault. But the structure requires too many r-TSVs, and each TSV is equipped with three multiplexers,
resulting in a high hardware overhead.

Lo et al. [10] presented a ring-based TSV redundancy structure to repair faulty TSVs. As shown in Figure 4, the
TSVs are distributed in a uniform grid structure, which are divided into multiple rings, and the s-TSVs are placed
in four corners of the TSV grid or anywhere of the outermost ring. The signals can be shifted in the direction of
their own ring and the outer ring through different types of multiplexers. When there exists a faulty f-TSV, the
corresponding signal will be transferred to its neighboring f-TSV until an s-TSV is used. Although the ring-based
architecture requires fewer s-TSVs, the structure is significantly affected by the clustered TSV faults.

Furthermore, Xu et al. [11] presented a switch-based TSV fault-tolerance structure during floorplanning, as
illustrated in Figure 5. Based on the replaceable relations between f-TSVs, an ILP-based model is developed to
form a fault-tolerance structure, with minimization of multiplexer delay overhead and hardware cost. However, the
work [11] is under an assumption that a predetermined number of common s-TSVs is assigned to each TSV group,
which causes overuse of s-TSVs. To overcome the issue, Chen et al. [12] develop an adaptive switch-based TSV
fault-tolerance structure, in which the number of tolerant faults is adaptively determined by the distribution of the f-
TSVs and their candidate s-TSVs. As a result, the number of s-TSVs is effectively reduced. Besides, Maity et al. [13]
presented a tree-based TSV redundancy structure. In fact, the tree-based structure is still essentially a switch-based
approach.

Lee et al. [14] developed a group-based TSV redundancy architecture, where all TSVs are partitioned into several
groups. As illustrated in Figure 6, 12 f-TSVs in a TSV block are divided into four groups, and an s-TSV is assigned
to each group. Each f-TSV node comprises a signal, a TSV, and a 2-to-1 multiplexer, while each s-TSV node contains
a TSV and a multiplexer. Note that the type of the multiplexer connected with s-TSV depends on the group numbers
and the number of f-TSVs in each group. For example in Figure 6, the inputs of the multiplexer of s-TSV s2 include
all signals of the B group and one signal of the other three groups. Thus, a 6-to-1 multiplexer is allocated to each
s-TSV to re-route the signals. Due to the use of large multiplexers, the hardware cost of the group-based structure is
very high.

Moreover, Wang et al. [15] proposed a cellular TSV fault-tolerance structure, as shown in Figure 7. To ensure
the corresponding signal can be switched in three directions, each f-TSV node comprises a signal, a TSV, a 4-to-1
multiplexer and a 1-to-4 demultiplexer. The multiplexer selects the signals from the current node or three adjacent
nodes, while the demultiplexer transfers the signal to its corresponding TSV or three neighboring TSVs. Besides,
a min-cost max-flow based algorithm is presented to generate the TSV repair paths. However, each signal in the
cellular structure can only be rerouted to TSVs within one hop. As a result, the structure is vulnerable to any faulty
TSVs in close proximity, resulting in a low TSV yield under the clustered TSV fault distribution. As illustrated
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Figure 7: Cellular TSV redundancy architecture.

in Figure 7, since the three adjacent nodes connected with f-TSV f3 are faulty, the repair path for f3 cannot be
generated.

To handle clustered TSV faults, a novel cellular TSV redundancy architecture is proposed in [16], with taking
account of the delay overhead. As shown in Figure 8, each TSV is connected to a router, which contains five ports,
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Figure 8: Example of the proposed cellular fault-tolerance structure, where the vertex-disjoint paths for the faulty f-
TSVs are as follows: f2: { f2→ f1→ r1} (red lines), f3: { f3→ f5→ r2} (yellow lines), f4: { f4→ f6→ f7→ f8→ r3}
(purple lines), f10: { f10→ f11→ f12→ f13→ f14→ f15→ f16→ r4} (brown lines), while other fault-free f-TSVs
transfer their corresponding signals.

one 4-to-1 Mux, three 3-to-1 Muxes, one 1-to-4 Dmux, and three 1-to-3 Dmuxes. The signal and its corresponding
TSV occupy two ports in the router, while the remaining three ports are linked to other TSV routers in three different
directions. Since a signal can be transferred to its corresponding TSV or three adjacent nodes, a 1-to-4 Dmux is
allocated to the signal port. Similarly, a TSV may select the signal on the current node or the signals from the three
adjacent nodes, the TSV port requires a 4-to-1 Mux. When all f-TSVs are fault-free, the Mux directly selects the
signal on the current node for transmission. Once the current node lies on a replacing path for a faulty TSV, the Mux
chooses the signal from one of the three adjacent nodes. In addition, when a linking port receives a signal from the
adjacent node, the signal will output to the TSV port or the other two linking ports. Thus, a 1-to-3 Dmux is allocated
to each linking port. In addition, each linking port also needs a 3-to-1 Mux to select a signal from the current node
or from the other two linking ports. Because the signals related to faulty TSVs can be transferred to fault-free TSVs
that are distant, the cellular TSV redundancy architecture can provide high TSV yield.

Recently, Cheong et al. [17] proposed a 3D rotation-based TSV architecture by mimicking a Rubik’s cube. But
due to the large number of used multiplexers, the hardware cost of the 3D rotation-based structure is high. Park et
al. [18] proposed a herringbone-based TSV repair architecture to simultaneously address both manufacturing TSV
faults and aging-related problems. However, the TSV aging model is not accurate. Besides, a thermal-aware TSV
recovery methodology is presented by Dang et al. [19] to deal with the clustered TSV faults. But the recovery
architecture is not suitable to the irregular TSV placement.

3 Conclusion
In this paper, we summarize some state-of-the-art TSV fault-tolerant designs. We see that with the effective fault-
tolerance structure and repair algorithm, the TSV yield can be enhanced. As continuing growth of technology node,
3D IC turns out to be a promising solution to further scaling, we believe this paper will stimulate more research on
yield aware 3D IC design.
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Technical Article

Generating Random Keys for Cyber Physical System from Asynchronous Chaotic
Topology

Yukui Luo, Shijin Duan, Xiaolin Xu
Northeastern University

Abstract

While the Cyber-Physical Systems (CPS) are emerging in the connection of networks and physical systems,
the security concerns of CPS are drawing attentions. As a critical security primitive, true random number gen-
erator (TRNG) is utilized to generate one-time secret keys in CPS, which is the root of trust for the privacy of
CPS. In this work, we propose a novel digital TRNG design based on a self-timed ring structure. The realization
of this proposed TRNG is composed of an asynchronous chaotic cellular automata topology, which is purely dig-
ital with the ease of synthesis on standard all-digital components. We evaluate the performance of the proposed
TRNG on three implementations, including HSpice simulation, ASIC test chip, and FPGA prototype. Further, the
collected random numbers from test chips and FPGA are examined with three typical test suites, including NIST
SP800–22, NIST SP800–90B, and AIS-31. The experimental result shows that the proposed TRNG can success-
fully pass all the test suites, achieving high throughput while only consuming much smaller hardware resources
and energy, compared to other state-of-the-art TRNG designs. Moreover, the security validation demonstrates that
the proposed TRNG is immune to frequency injection attacks, power attacks, and thermal attacks.

1 Introduction

Cyber-Physical Systems (CPS) applications are widely deployed in modern society, ranging from smart daily items
to controllable industrial producing [1]. Due to the critical role of CPS, attacks on vital CPS implementation
could cause immeasurable disasters. For example, the nation-wide smart power grid, a typical application on CPS,
could suffer from significant economic loss and latent damage in many aspects if under attack [2]. Unlike soft-
ware/firmware, the hardware in CPS cannot update patches with flexible configuration and negligible labor cost,
making the hardware security in CPS more challenging and essential. As the root of trust for many cryptographic
applications on hardware, secret key is utilized to certificate security-related operations in CPS [3].

For secret key generation, true random number generator (TRNG) is a promising solution in CPS secure appli-
cations [3]. TRNG is proposed to generate random numbers from physical characteristics that are non-deterministic
and predictable in advance. Nevertheless, the embedding of TRNG is complicated because extra circuits are needed
to transfer physical characteristic to digital output, such as the converters connecting the analog circuit-based TRNG
and digital systems [4]. Further, most nonsymmetric TRNG designs must consider the bias of random numbers to
logic 1 or 0 to ensure the randomness [5]. Several works have discussed the criteria for ideal TRNG designs, e.g., in
[3], it is suggested that the TRNG structure is supposed to have high throughput, unbiased randomness, and minimal
latency of cryptographic hash functions, for suiting numerous high-speed applications. Also, the consideration of
the practical hardware implementation complexity for TRNG structure is addressed in [6].

To eliminate the inconvenience and bias of transfer from the measurement of analog signals to digital systems,
also easing the hardware implementation complexity, we present a high-performance and secure TRNG design
composed of all-digital components. The proposed TRNG utilize the chaotic property of cellular automata (CA)
topology [7] as the source of randomness, which is pure digital but still undeterministic. Based on digital CA30
component, a self-timed ring structure is formulated to generate random numbers. To explore the performance of
the proposed TRNG, we evaluate it on HSpice simulation, ASIC test chips, and FPGA implementations. The results
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show the high-throughput of this proposed TRNG. Further, to validate the randomness and functionality, this TRNG
passes all test statistics of three prevalent test suites. As for the security evaluation, we test the resistance of the
proposed TRNG against three common attacks threatening most existing TRNGs: frequency injection attack, thermal
attack and power attack. By evaluating the entropy model of the proposed TRNG, we show that it is immune to all
these attacks with trivial entropy loss.

2 CA30 based TRNG Design

Compare with other self-timed based TRNG [8, 9, 10] and PRNG [11, 12] circuits, our proposed CA30 based
self-timed ring structure can achieve a smaller area overhead and high-energy efficiency in random numbers genera-
tion. Moreover, we introduce the random entropy source while implementing the CA topology, which advances our
scheme’s robustness from statistic attacks.

2.1 Cellular Automata Principle and Self-time Ring Design

A CA can be defined as a deterministic system. It is constructed by a group of identical CA elements, where each
element has k possible states. The 1-dimension CA structure is the simplest case, which consists of a series of CA
cells. Each cell x has two possible states: 0 or 1 (i.e., k=2), and the current state is determined by its neighborhoods
and a certainty update rule U . If defining the neighborhood range of x to be 1, in 1-dimensional space, the neighbor-
hoods are x− 1 and x+ 1. Therefore, we can use three parameters (p,q,r) to denote these three CA cells (x− 1, x,
x+1). The new state of x can be formulated with the state update rule U(p,q,r), where the inputs are (p, q, r) and
the rule is CA30. In addition, the paper [13] proves that the state evolution of the CA30 scheme is chaotic.

p q r U(p,q,r)

1 1 1 0

1 1 0 0

1 0 1 0

1 0 0 1

0 1 1 1

0 1 0 1

0 0 1 1

0 0 0 0
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(a) The truth table of CA30 (b) An example of all-digital imple-
mentation of CA30.
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(c) An asynchronous circuit of CA30 (ACR30).
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(e) The schematic of proposed all-digital TRNG design.

Figure 1: The schematics of the proposed TRNG [14]. (a) The truth table of the CA30 rule. (b) A feasible CA30
implementation circuit. (c) Using an asynchronous circuit to realize the CA30 (ACR30), which is the basic element
in our proposed TRNG.(d) All-zero "stable" state detector. (e)Proposed all-digital TRNG, which is constructed by
nine ACR30s. The middle one stands for breaking the "stable" state of the entire system and the rest eight ACR30s
are used to generate true random number sequences.
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In order to leverage such chaotic characteristic of CA30 and implement it in an all-digital circuit, we utilize an
XOR gate and an OR gate, as shown in Figure 1(b), where U(p,q,r) = p⊕ (q||r). However, the synchronous circuit
implementation of CA30 has deterministic behavior, as shown in Figure 1(a). From the aspect of TRNG design, we
make the circuit realization of CA30 with a self-timed ring architecture. It is an asynchronous circuit shown in Figure
1(c), and denoted as ACR30. Note that in this schematic, we use annotations Previous and Next to represent the
inputs p and r. The Current stands for the input q, as well as the output of the ACR30 circuit. Different from the
synchronous design, the ACR30 has two additional signals: Set and Pass/Capture. Those two signals can be
leveraged to control a self-timed oscillation circuit and sample the current state/output. Specifically, the Set signal
can force reset the ACR30 circuit to the entire "0" state. The Pass/Capture signal is applied as the select signal
of a 2–1 MUX. The Pass controls the circuit working in self-oscillation mode, and the Capture latches the output.

Figure 1(e) shows the circuit schematic of the proposed TRNG, which consists of nine ACR30 elements. All el-
ements build up a self-timed ring circuit by linking each in a series, and every element has two neighborhoods. The
Current signal of the middle ACR30 is not sampled by the output register. The functionality of this component is
to break the all-zero stable state with the help of an all-zero state detector, as shown in Figure 1(d). The Current
signals of the other eight ACR30s are sampled by an 8-bit register. The clock of this 8-bit register is the same signal
as Pass/Capture signal shared by all the ACR30 elements except the middle ACR30. They have been used to
generate 8-bits true random numbers. Additionally, this TRNG design only consists of 75 NAND gates.

2.2 Entropy Model

Entropy is the measurement value to determine the chaos of a system, for which a positive value means the system
can generate unpredictable outputs. The entropy model of our proposed TRNG design has been discussed in [15].
Here we ignore the Pass/Capture and Set signals to simplify the analysis. Assume xi, yi, zi and ui (i∈ {1, . . .9})
are output of the XOR, inverter 1, inverter 2, and OR gates of each ACR30, respectively, shown in Equation 1. s+(x)

is the standard step function for an inverter, which can be represented as s+(x) = 1− s−(x) =

{
1, i f x > θ

0, i f x < θ
. κ and

γ denote the maximum voltage and propagation delay of each gate,

dxi

dt
= κxi

[
s+ (zi−1)s− (ui)+ s− (zi−1)s+ (ui)

]
− γxixi

dyi

dt
= κyis

− (xi)− γyiyi

dzi

dt
= κzis

− (yi)− γzizi

dui

dt
= κui

[
1− s− (zi)s− (zi+1)

]
− γuiui

(1)

We use an entropy model to calculate the information entropy. Assuming a random number set V collected
at N timing points, where we have {V (t) : 1 ≤ t ≤ N}. V (t) can form N −m + 1 vectors denote as vm(i),(i ∈
{1, . . . ,N−m+ 1}) and each with length m, if we compare two vectors, r is the tolerance for accepting matches.
We can denote Bm(r) as the probability that two random vectors match for m points, and Am(r) as the probability
that these two random vectors match for m+ 1 points. [14] provides more details about those two probabilities,
following [16], we can use Sample Entropy (SampEn) to calculate the entropy of our proposed TRNG model. It can
be represented as SampEn(m,r,N) = −ln(Am(r)

Bm(r)). Here we have SampEn ≥ 0, which concludes the TRNG system
is able to generate entropy on its own with chaos [15]. In other words, it can generate random numbers based on its
own chaotic dynamics.

3 Experimental Validation
We comprehensively evaluate the performance of the proposed TRNG design with the HSpice, ASIC, and FPGA
implementations. For the HSpice simulation and ASIC test chip, 40nm TSMC technology nodes are used for the
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construction. To validate the feasibility of proposed scheme with reconfigurable devices, such as FPGA, we imple-
ment the proposed TRNG structure on an ML605 FPGA development tool kit embedded with a Virtex-6 FPGA. The
FPGA is connected to a Dell precision 3630 tower with 16GB RAM through the PCIe port to collect the generated
random numbers.

3.1 HSpice Simulation and Test Chip

We build the TRNG structure on HSpice to validate the functionality. For simulating the random behavior of the
TRNG circuit, we provide the Set and Pass/Capture signals as external inputs, as shown in Figure 1. The results
prove the randomness of the circuit output and the correct function of the control signals. To further investigate the
sensitivity of the proposed TRNG circuit to the environmental conditions, such as the environment noise and the
uncertainty of the rising/falling edge, we sample the outputs of the TRNG under different scenarios. The result
demonstrates that even slightly various environmental conditions can flip the output of the TRNG circuit, which
increases the unpredictability of the proposed TRNG.

Besides the simulation, we also validate the feasibility of the proposed TRNG on ASIC. We implement and
fabricate a group of test chips with TSMC 40nm technology node. By exploring the comprehensive performance
of the TRNG, we examine the TRNG on three typical test suites: NIST test suite SP800–22 [17], NIST test suite
SP800–90B [18], and AIS31 test suite [19]. Further we compared the proposed TRNG with other state-of-the-art
TRNG designs. The result is shown in Table 1. The TRNG proposed in this work outperforms other state-of-the-art
designs: (1) it passes all the three test suites; (2) it consumes the lowest hardware footprint, only 270µm2, but with
high throughput, 1600MB/s; (3) it has the highest efficiency, 0.33pJ/bit, thanks to the pure digital circuits; (4) it
can resist various attacks, which will be discussed in the next section.

Table 1: Performance of the proposed TRNG test chips and other state-of-the-art TRNG designs. Note that partial of
the data in this table is summarized in [20].

This ISSCC’14 JSSC’12 VLSI’11 ISSCC’08 ISSCC’07 ISSCC’06 TC’03
Work [20] [21] [22] [23] [24] [25] [26]

Tech.
40nm 28/65nm 45nm 65nm 0.25µm 0.13µm 0.12µm 0.18µm

Node
Noise Chaotic Jitter Meta- Oxid Sin MOS- Meta- Meta- Jitter
Source CA Topo. in RO stability Breakdown FET Noise stability stability in RO
NIST

Pass Pass Pass Pass
Not

5
Not Not

SP800–22 Reported Reported Reported
NIST

Yes
Not Not Not Not Not Not Not

SP800–90B Reported Reported Reported Reported Reported Reported Reported

AIS-31 Yes
Not Not Not Not Not Not Not

Reported Reported Reported Reported Reported Reported Reported
Hardware footprint

270 375/960 4004 1200 1200 36300 9000 16000
(µm2)
Post

Yes No No No Yes No Yes No
Processing
Efficiency

0.33 23/57 2.9 181810 950 5000 250 230
(pJ/bit))
Bit Rate

1600 23.16/2.8 2400 0.011 2 0.2 0.2 10
(Mb/s)

Resis. to
Yes Yes

Not Not Not Not Not
No

Attacks Reported Reported Reported Reported Reported
FPGA

Yes
Not Not Not Not Not Not Not

Implementation Reported Reported Reported Reported Reported Reported Reported

3.2 FPGA Validation

The proposed TRNG can be implemented on reconfigurable devices since it only contains logic (digital) components.
We construct the TRNG on a Virtex-6 FPGA to validate this feasibility, which only consumes 53 LUTs and 22 DFFs
in total. This shows that similar to the scenario of test chips, the implementation of the proposed TRNG on FPGAs
is still lightweight, costing a small circuit footprint.
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As for the power consumption, the measurement from the Xilinx XPower Analyzer shows that the proposed
TRNG circuit is executing with 2.05mW by clocking the Pass/Capture signal at 250MHz, i.e., the energy effi-
ciency of the TRNG on the tested FPGA is 1pJ/bit, which is slightly higher than the test chip implementation but
still lower than other proposed TRNG designs, as shown in Table 1. Similarly, we examine the three test suites on the
FPGA implementation of the proposed TRNG, and it passes all the tests successfully. For the resistance to existing
TRNG attacks, we evaluate the proposed TRNG against the frequency injection attack, power attack, and thermal
attack. By applying the frequency injection attack with several peak frequencies, it can be found that the entropy
degradation caused by frequency injection is no more than 5%; the entropy even becomes higher in some injections.
We test the TRNG implementation with various scales of power wasters and temperatures for the power and thermal
attacks, respectively. The result demonstrates that the entropy of the proposed TRNG after attacks is not influenced
obviously, and the TRNG can still pass all the test suites.

4 Conclusion

With the security issue of Cyber-Physical System (CPS) being paid attentions on, the effectiveness of TRNG is
important as a critical security primitive, to ensure the reliability of the root-of-trust in CPS. In this work, we present
a novel digital TRNG method, favoring implementations in a digital synthesis design-flow. Specifically, the TRNG is
composed with a chaotic cellular automata topology with the CA30 rule, realizing an asynchronous self-timed ring
circuit. The performance and the security of the proposed TRNG is comprehensively evaluated on both simulation
and hardware platforms, with three state-of-the-art TRNG test suites. The results illustrate that the proposed TRNG
can achieve high throughput with low hardware overhead and power consumption, compared to other state-of-the-art
TRNGs. Moreover, the security of the proposed TRNG design is evaluated by under three different attacks, and the
results demonstrate that the TRNG can resist these attacks with neglectable entropy loss.
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Abstract
Compared with traditional convolutions, grouped convolutional neural networks are promising for both model

performance and network parameters. However, existing models with the grouped convolution still have param-
eter redundancy. In this paper, concerning the grouped convolution, we propose a sharing grouped convolution
structure to reduce parameters. To efficiently eliminate parameter redundancy and improve model performance,
we propose a Bayesian sharing framework to transfer the vanilla grouped convolution to be the sharing structure.
Intra-group correlation and inter-group importance are introduced into the prior of the parameters. We handle
the Maximum Type II likelihood estimation problem of the intra-group correlation and inter-group importance
by a group LASSO type algorithm. The prior mean of the sharing kernels is iteratively updated. Extensive ex-
periments are conducted to demonstrate that on different grouped convolutional neural networks, the proposed
sharing grouped convolution structure with the Bayesian sharing framework can reduce parameters and improve
prediction accuracy.

1 Introduction

Convolutional neural networks (CNNs) have achieved impressive successes in various applications of computer vi-
sion, such as object recognition [1, 2], object detection [3, 4, 5], and autonomous driving [6]. To handle complicated
applications, CNN models become deeper and wider, which causes massive network parameters. The massive net-
work parameters, however, bring huge challenges to model storage, data transfer, computation overhead, and energy
consumption [7, 8]. Besides, the massive network parameters may contain redundancy, which causes overfitting and
performance degradation.

The grouped convolution has been adopted to decrease parameter redundancy and improve accuracy in popular
CNNs, such as AlexNet [9] and ResNeXt [10]. The vanilla grouped convolution is shown in Figure 1(a), where the
inputs, the weights, and the outputs are divided into several groups to perform the convolution operation. In practice,
the grouped convolution is proven to be able to alleviate overfitting and improve the model accuracy.

Although the grouped convolution has the aforementioned advantages, the network parameters may still have
redundancy. Various arts are proposed to reduce parameter redundancy [11, 12]. Although existing compression
methods have good compression performance in the traditional convolution models, they may lead to performance
degradations while being applied to grouped convolutions since they ignore the diversities of importances and cor-
relations (i.e., inter-group importance and intra-group correlation) among the different parameter groups.

To eliminate parameter redundancy and improve efficiency of the grouped convolution, in this paper, we pro-
pose a sharing grouped convolution structure, a novel and simple architecture, to reduce parameters as shown in
Figure 1(b). A Bayesian grouped convolution sharing framework is proposed to transfer the vanilla grouped convo-
lution to be the sharing structure. Intra-group correlation and inter-group importance are introduced into the prior
of network parameters. We handle the Maximum Type II likelihood estimation problem of the intra-group corre-
lation and inter-group importance by a group LASSO type algorithm [13]. The prior mean is iteratively updated
with the posterior mean and the inter-group importance learned in the previous iteration. We conduct experiments
on CIFAR-10 and CIFAR-100 [14], to validate our proposed sharing grouped convolution structure with Bayesian
sharing framework. Experiments demonstrate that our framework can reduce parameters significantly and improve
model accuracies.
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k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Group 1
Group 2

(a)

⇤<latexit sha1_base64="CoGM6Ls8AFxGmTMoRpM6f5rhgY0=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4Kcckj2FgoYusj+CR2lr6Jk0uhiT8MfPz/Ocw5J0ikMOi6X87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBlfjvHHPtRGxusNhwv2I9pQIBaNordvSaalTKLpldyKyCN4MipcfD98VAKh2Cp/tbszSiCtkkhrT8twE/YxqFEzyUb6dGp5QNqA93rKoaMSNn01GHZFj63RJGGv7FJKJ+7sjo5ExwyiwlRHFvpnPxuZ/WSvF8MLPhEpS5IpNPwpTSTAm471JV2jOUA4tUKaFnZWwPtWUob1O3h7Bm195EepnZc8tezdeseLCVDk4hCM4AQ/OoQLXUIUaMOjBIzzDiyOdJ+fVeZuWLjmzngP4I+f9B5T8j4M=</latexit><latexit sha1_base64="gO3Fm8GT3BA+VNFFUbYUWWMmsH8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqheVQfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjjZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2vea5Ne/eqzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAhEoz1</latexit>⇤<latexit sha1_base64="CoGM6Ls8AFxGmTMoRpM6f5rhgY0=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4Kcckj2FgoYusj+CR2lr6Jk0uhiT8MfPz/Ocw5J0ikMOi6X87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBlfjvHHPtRGxusNhwv2I9pQIBaNordvSaalTKLpldyKyCN4MipcfD98VAKh2Cp/tbszSiCtkkhrT8twE/YxqFEzyUb6dGp5QNqA93rKoaMSNn01GHZFj63RJGGv7FJKJ+7sjo5ExwyiwlRHFvpnPxuZ/WSvF8MLPhEpS5IpNPwpTSTAm471JV2jOUA4tUKaFnZWwPtWUob1O3h7Bm195EepnZc8tezdeseLCVDk4hCM4AQ/OoQLXUIUaMOjBIzzDiyOdJ+fVeZuWLjmzngP4I+f9B5T8j4M=</latexit><latexit sha1_base64="gO3Fm8GT3BA+VNFFUbYUWWMmsH8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqheVQfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjjZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2vea5Ne/eqzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAhEoz1</latexit>

⇤<latexit sha1_base64="CoGM6Ls8AFxGmTMoRpM6f5rhgY0=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4Kcckj2FgoYusj+CR2lr6Jk0uhiT8MfPz/Ocw5J0ikMOi6X87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBlfjvHHPtRGxusNhwv2I9pQIBaNordvSaalTKLpldyKyCN4MipcfD98VAKh2Cp/tbszSiCtkkhrT8twE/YxqFEzyUb6dGp5QNqA93rKoaMSNn01GHZFj63RJGGv7FJKJ+7sjo5ExwyiwlRHFvpnPxuZ/WSvF8MLPhEpS5IpNPwpTSTAm471JV2jOUA4tUKaFnZWwPtWUob1O3h7Bm195EepnZc8tezdeseLCVDk4hCM4AQ/OoQLXUIUaMOjBIzzDiyOdJ+fVeZuWLjmzngP4I+f9B5T8j4M=</latexit><latexit sha1_base64="gO3Fm8GT3BA+VNFFUbYUWWMmsH8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqheVQfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjjZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2vea5Ne/eqzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAhEoz1</latexit>⇤<latexit sha1_base64="CoGM6Ls8AFxGmTMoRpM6f5rhgY0=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4Kcckj2FgoYusj+CR2lr6Jk0uhiT8MfPz/Ocw5J0ikMOi6X87S8srq2npuI7+5tb2zW9jbr5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBlfjvHHPtRGxusNhwv2I9pQIBaNordvSaalTKLpldyKyCN4MipcfD98VAKh2Cp/tbszSiCtkkhrT8twE/YxqFEzyUb6dGp5QNqA93rKoaMSNn01GHZFj63RJGGv7FJKJ+7sjo5ExwyiwlRHFvpnPxuZ/WSvF8MLPhEpS5IpNPwpTSTAm471JV2jOUA4tUKaFnZWwPtWUob1O3h7Bm195EepnZc8tezdeseLCVDk4hCM4AQ/OoQLXUIUaMOjBIzzDiyOdJ+fVeZuWLjmzngP4I+f9B5T8j4M=</latexit><latexit sha1_base64="gO3Fm8GT3BA+VNFFUbYUWWMmsH8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqheVQfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjjZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2vea5Ne/eqzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gAhEoz1</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

k
<latexit sha1_base64="FyLrXuj3JtnmbUQELGx6DOBB0qY=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67Y0KHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HxHePmQ==</latexit><latexit sha1_base64="2JHLueZoLP1B9ygBT6ptX7FVqS8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VJdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGCCY0w</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

W
<latexit sha1_base64="weIq5u+XxcR+QWHo0QhpV/Va4ao=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GUwEsQi7NtoZsLGMaC6QLGF2MpsMmZ1dZs4KYckj2FgoYqkP4LPYiG/j5FJo4g8DH/9/DnPOCRIpDLrut7O0vLK6tp7byG9ube/sFvb26yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwdU4b9xzbUSs7nCYcD+iPSVCwSha67bUKHUKRbfsTkQWwZtB8fLj7Qusqp3CZ7sbszTiCpmkxrQ8N0E/oxoFk3yUb6eGJ5QNaI+3LCoaceNnk1FH5Ng6XRLG2j6FZOL+7shoZMwwCmxlRLFv5rOx+V/WSjG88DOhkhS5YtOPwlQSjMl4b9IVmjOUQwuUaWFnJaxPNWVor5O3R/DmV16E+lnZc8vejVesnMJUOTiEIzgBD86hAtdQhRow6MEDPMGzI51H58V5nZYuObOeA/gj5/0HphOPhQ==</latexit><latexit sha1_base64="HgD9T99YLtigDZ4mDDDuu3qO7L4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdGi0DNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9VOdVCuuDV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+bDLlCZsTUEsoUt7cSNqaKMmPTKdkQvNWX10m7XvPcmnfvVRpXeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AFjpY0c</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

H
<latexit sha1_base64="dpRazgL7nVDblav7J2WqEjcAuIU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiiEXYtdHOgE3KiOYCyRJmJ7PJkNnZZeasEEIewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpBIYdB1v53Myura+kZ2M7e1vbO7l98/qJs41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBteTvHHPtRGxusNhwv2I9pQIBaNordtipdjJF9ySOxVZBm8OhauPty+wqnbyn+1uzNKIK2SSGtPy3AT9EdUomOTjXDs1PKFsQHu8ZVHRiBt/NB11TE6s0yVhrO1TSKbu744RjYwZRoGtjCj2zWI2Mf/LWimGl/5IqCRFrtjsozCVBGMy2Zt0heYM5dACZVrYWQnrU00Z2uvk7BG8xZWXoX5e8tySd+MVymcwUxaO4BhOwYMLKEMFqlADBj14gCd4dqTz6Lw4r7PSjDPvOYQ/ct5/AI9Ij3Y=</latexit><latexit sha1_base64="3iREGBOcjyNGcbihFPkBPbdIynM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhNBLMKdjZYBm5QRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpWeqg2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10n7uua5Ne/eq9Sv8jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFM2o0N</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Ci0 = Ci/2
<latexit sha1_base64="IS4A7g3IBw6aA8Za4xd+mac/Hq4=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJagBQ0dwlXU4hwqU+nbRKTszoGXi/pBi1W58vQNAvW9/9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWls9un6NQoAxRE0pTQaKb+3khxqNQk9M1kiPVILXqZ+J/XTXRw6aVMxImmgswfChKOdISyINCASUo0nxiCiWTmVkRGWGKiTVwFE4K7+OVl0qqUXafsNtxi1YE58nAMJ3AGLlxAFa6hDk0gcA8P8ATP1tR6tF6s1/lozvrZOYQ/sN6+AeWgkfs=</latexit><latexit sha1_base64="QNj0BkHJkK6HoKN5In8eXbKxEQE=">AAAB+3icbVC7TsMwFL0pr1JeBSbEYtEiMZUkCyxIlbowFok+pDaqHNdpTR0nsh1EFfVXWBhAiJUfYeNvcNoM0HKkq3t0zr3y9fFjzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8SeNzO88UqlYJO71NKZeiEeCBYxgbaQHqEIDGDqBm6zDJbhQHZQrds2eA60SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL57TN0bpQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOrj2UibiRFNBFg8FCUc6QlkQaMgkJZpPDcFEMnMrImMsMdEmrpIJwVn+8ippuzXHrjl3bqVu53EU4RTO4AIcuII63EITWkDgCZ7hFd6smfVivVsfi9GCle8cwx9Ynz/GKY+r</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>

Co0 = Co/2
<latexit sha1_base64="EMvsFwRuwXccontMvcSQzyuSySA=">AAAB+3icbVC7TsMwFL0pr1JeASbEYtEiMZWkCyxIlbowthJ9SG1UOa7TmjpOZDuIKuqvsDCAECs738DGX/AJOC0DtBzp6h6dc698ffyYM6Ud59PKrayurW/kNwtb2zu7e/b+QUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/riW+e07KhWLxI2exNQL8VCwgBGsjXQLJahBhI7gKutwDhUo9e2iU3ZmQMvE/SHFqt34egeAet/+6A0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpLZ7dP0alRBiiIpCmh0Uz9vZHiUKlJ6JvJEOuRWvQy8T+vm+jg0kuZiBNNBZk/FCQc6QhlQaABk5RoPjEEE8nMrYiMsMREm7gKJgR38cvLpFUpu07ZbbjFqgNz5OEYTuAMXLiAKlxDHZpA4B4e4Ameran1aL1Yr/PRnPWzcwh/YL19A/hIkgc=</latexit><latexit sha1_base64="mDdWFpXYkEIlFSBe2kUSFGKLPgM=">AAAB+3icbVDLTgIxFL2DL8QX6sq4aQQTVzjDRjcmJGxcYiKPBCakUzpQ6bSTtmMkhF9x40Jj3Poj7vwbOzALBU9yc0/OuTe9PUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GNdTv/1IlWZS3JtJTP0IDwULGcHGSg9QhjpIdAI3aYdLqEK5Xyy5FXcOtEq8jJQgQ6Nf/OoNJEkiKgzhWOuu58bGn2JlGOF0VuglmsaYjPGQdi0VOKLan85vn6FzqwxQKJUtYdBc/b0xxZHWkyiwkxE2I73speJ/Xjcx4bU/ZSJODBVk8VCYcGQkSoNAA6YoMXxiCSaK2VsRGWGFibFxFWwI3vKXV0mrWvHcindXLdXcLI48nMIZXIAHV1CDW2hAEwg8wTO8wpszc16cd+djMZpzsp1j+APn8wfY0Y+3</latexit>
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Group 1
Group 2

(b)

Figure 1: The vanilla grouped convolution and our proposed sharing grouped convolution (2 groups, the blue boxes
are the input features, the orange boxes are the kernels, the green boxes are the output features. H and W are height
and weight of the input features. Ci and Co are the numbers of the input and output channels. Ci′ and Co′ are the
numbers of the input and output channels in each group. k is kernel size): (a) The vanilla grouped convolution.
Each group has its own weights. (b) Our proposed sharing grouped convolution. All of these groups share the same
weights.

2 Sharing Grouped Convolution

In this section, a sharing grouped convolution structure is proposed to reduce parameter redundancy, improve pa-
rameter efficiency. Then the number of parameters in it is analyzed to illustrate the compression performance.

To demonstrate the vanilla grouped convolution, the variation from ResNet to ResNeXt [15, 10] is taken as an
example. Figure 2 shows their basic block, which is repeatedly stacked with different configurations to the whole
model. The basic block contains a shortcut and three convolutional layers, whose all kernels are represented by a
box in each layer. In ResNet, the basic block is shown in Figure 2(a), where there are three traditional convolutional
layers. In order to transfer ResNet to ResNeXt, in each block, the second convolutional layer is transferred as
the vanilla grouped convolution by dividing the 64 channels into 16 groups, and each group has 4 channels for
this example as shown in Figure 2(b). Compared with the traditional convolution, the vanilla grouped convolution
adopts the sparse convolution connections between input and output channels, by dividing the input channels, output
channels, and their connections into several groups. According to Figure 2, the parameter number for the second
convolutional layer is reduced from 64×3×3×64 = 36864 of ResNet to 16×4×3×3×4 = 2304 of ResNeXt in
the convolutional layer.

In order to further reduce the parameter number and improve parameter efficiency in the vanilla grouped con-
volution, we propose a sharing grouped convolution structure. Specifically, all groups share the same parameters so
that the same parameters can be used to extract features and pass information among different groups. It has the
same manner with [16] to improve parameter efficiency. Then in each basic block, the vanilla grouped convolu-
tion (the second layer) as shown in Figure 2(b) will be transferred as the sharing grouped convolution as shown in
Figure 2(c). The parameter number for the second convolutional layer is reduced from 16× 4× 3× 3× 4 = 2304
to 4× 3× 3× 4 = 144. Note that compared with the vanilla grouped convolution, our proposed sharing grouped
convolution does not reduce computational complexity. However, as shown in Figure 2(c), the parameters are shared
among different groups. Therefore, the efficiency of parameters is improved and the parameter redundancy can be
reduced. Besides, the sharing grouped convolution can facilitate the weights reusing strategy in the hardware level
implementations so that the actual number of memory accesses decreases significantly and the inference runtime
reduces. As comparison, we show the numbers of parameters of basic blocks in ResNet, ResNext and the sharing
ResNeXt in Table 2. Compared with ResNet, ResNeXt has fewer parameters, and the proposed sharing ResNeXt
can further reduce the number of parameters.

Although the proposed sharing grouped convolution structure can reduce parameters and improve the efficiency
of parameters, directly training models with the group convolution structure may cause performance degradation
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Figure 2: The basic block contains a shortcut and three convolutional layers (the boxes indicate the convolutional
kernels [#input channel, kernel size, #output channel] for each layer): (a) the three convolutional layers in ResNet;
(b) the two convolutional layers and one vanilla grouped convolutional layer with 16 groups in ResNeXt; (c) the two
convolutional layers and one sharing grouped convolutional layer with 16 groups in the sharing ResNeXt.

Table 2: The numbers of parameters of basic blocks in ResNet, ResNext and the sharing ResNeXt with g = 16.

Type ResNet ResNeXt Sharing ResNeXt

conv 64×1×1×64 64×1×1×64 64×1×1×64
(g)conv 64×3×3×64 16×4×3×3×4 4×3×3×4
conv 64×1×1×128 64×1×1×128 64×1×1×128
shortcut 64×1×1×128 64×1×1×128 64×1×1×128
total 57344 22784 20624

since the correlation among parameters and groups does not be considered.

3 Bayesian Sharing Framework

To transfer the vanilla grouped convolution into the sharing structure, a naïve method is directly constructing a
network with the proposed sharing grouped convolution structure then training it. However, this method may cause
performance degradation. To avoid performance degradation, we adopt a separate-merge methodology [17], that
is updating independently parameters among all groups in the back-propagation stage and computing loss function
value by the shared parameters in the forward propagation stage. Based on the separate-merge methodology, a typical
method is indiscriminately averaging the parameters among different groups in the forward propagation stage. This
is quite straightforward but it ignores the diversities of different groups.

In this section, to efficiently eliminate parameter redundancy and improve model performance, we introduce
the intra-group correlation and inter-group importance of parameters. Then we propose a Bayesian sharing
framework. Some notations used in this paper are listed in Figure 3(a) and visualized in Figure 1.

3.1 Intra-group Correlation and Inter-group Importance

To introduce intra-group correlation and inter-group importance, a prior distribution on model parameters P(www)
is firstly introduced in our framework. Following previous arts [18, 19, 20], P(www) is defined to be a multivariate
Gaussian distribution. For the convenience of expressions, network parameters are reshaped to be vectors. As shown
in Figure 3(b), in each group, the kernels in each channel are flattened to be a vector. Some notations are explained
in Figure 3(a). Then they are concatenated sequentially to be a vector. Considering that the features are extracted
independently from different groups in the vanilla grouped convolution as shown in Figure 1(a), we assume any two
network parameters from different groups are independent, i.e., P(www) =∏

g
i P(wwwi). Therefore, the prior distribution
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Name Definition

www parameters in one grouped convolutional layer
g # of groups in one grouped convolutional layer
BBBi intra-group correlation of the group i
γi inter-group importance of the group i
wwwi parameters of the group i
wwwb the sharing parameters of g groups
k kernel size

Ci′ # of input channels in each group
Co′ # of output channels in each group
H height of input feature
W width of input feature

(a)

Ci0
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(b)

Figure 3: (a) List of Notations; (b) Reshape the parameter tensor of one group as a vector, with Ci′ input channels
and Co′ output channels. The kernel size is 2×2. The arrows show the flattening order.

of network parameters in the group i is defined as P(wwwi;γi,BBBi)∼N (µµµwwwi
,ΣΣΣwwwi), where ΣΣΣwwwi , γiBBBi, wwwi ∈ RNCo′ , and

BBBi ∈ RNCo′×NCo′ with N , k2Ci′. BBBi is a positive definite matrix which captures the correlations of the parameters
in group i, termed as intra-group correlation. γi is a coefficient reflecting the relative importance of group i in
comparison with other groups, termed as inter-group importance. γi also indicates the importance of the group
i while passing messages or knowledges in the model during inference. µµµwwwi

is the mean vector of the network
parameters wwwi in the group i. And ΣΣΣwwwi is the covariance matrix of the network parameters wwwi in the group i. For the
convolutional layer with g groups, the prior distribution of network parameters is

P(www;BBB,γγγ)∼N (µµµwww,ΣΣΣwww), (2)

where µµµwww = [µµµ>www1
,µµµ>www2

, · · · ,µµµ>wwwg
]> is the mean vector of the network parameters www. ΣΣΣwww = diag[ΣΣΣwww1 ,ΣΣΣwww2 , · · · ,ΣΣΣwwwg ] is

the covariance matrix of www, which is a block diagonal matrix with principal diagonal blocks being ΣΣΣwww1 ,ΣΣΣwww2 , · · · ,ΣΣΣwwwg .
BBB , {BBB1,BBB2, · · · ,BBBg} and γγγ , [γ1,γ2, · · · ,γg]

>. The intra-group correlation BBBi and the inter-group importance γi are
determined by maximizing Type II likelihood [13] as shown in Formulation (3).

max
BBB,γγγ

ln
∫

P(Y |X ,www)P(www;BBB,γγγ)dwww, (3)

where Y and X are the output and input features, respectively. P(www;BBB,γγγ) satisfies multivariate Gaussian distribu-
tion with hyper-parameters BBB and γγγ defined in Equation (2).

According to Formulation (3), to obtain the intra-group correlation BBBi and the inter-group importance γi, we need
give a concrete form of P(Y |X ,www). Nevertheless, in practice, because of non-linear operations in CNN models, it
is hard to obtain the closed form of the likelihood function P(Y |X ,www) and the integral of the marginal likelihood
in Formulation (3) is intractable in neural networks [21]. Like in [19], we consider the linear relationship between
the input and the output features of each layer before a nonlinearity is applied.

3.2 Maximum Type II Likelihood Estimation

We consider the linear relationship between the input and the output features of each layer before a nonlinearity is
applied. To represent the vanilla grouped convolution in the form of matrix-vector multiplication, we reshape the
input features as shown in Figure 4:

• In Step 1, we reshape the input features of one group to be a block-diagonal matrix. As the parameter kernel
window slides on the input feature, the corresponding features are flattened to be a vector with length k2.
Therefore, we flatten the feature in one channel to be an HW × k2 matrix. Then the feature matrices of all Ci′

channels are reshaped to be a block-diagonal matrix.

m ieee-cps.org Page 18

http://www.ieee-cps.org/


{
<latexit sha1_base64="mwEZ0UrEop86SHoFSIzB7srw4ew="></latexit>{

<latexit sha1_base64="mwEZ0UrEop86SHoFSIzB7srw4ew="></latexit>

g
<latexit sha1_base64="4EF9U6hdi/6t3cqCDPXVEy8gtCI="></latexit><latexit sha1_base64="4EF9U6hdi/6t3cqCDPXVEy8gtCI="></latexit><latexit sha1_base64="4EF9U6hdi/6t3cqCDPXVEy8gtCI="></latexit><latexit sha1_base64="4EF9U6hdi/6t3cqCDPXVEy8gtCI="></latexit>Co0

<latexit sha1_base64="juXy3C12klfoGfsC+x/JTFuOzlI="></latexit><latexit sha1_base64="juXy3C12klfoGfsC+x/JTFuOzlI="></latexit><latexit sha1_base64="juXy3C12klfoGfsC+x/JTFuOzlI="></latexit><latexit sha1_base64="juXy3C12klfoGfsC+x/JTFuOzlI="></latexit>

⇥
<latexit sha1_base64="73MpihVlsvwibFuOoZur0QXVWR8="></latexit><latexit sha1_base64="73MpihVlsvwibFuOoZur0QXVWR8="></latexit><latexit sha1_base64="73MpihVlsvwibFuOoZur0QXVWR8="></latexit><latexit sha1_base64="73MpihVlsvwibFuOoZur0QXVWR8="></latexit>

.<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit> .<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit> .<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

{
<latexit sha1_base64="mwEZ0UrEop86SHoFSIzB7srw4ew="></latexit>

Ci0
<latexit sha1_base64="Wx24M6SssllcKQJ2QdLqc80yDoo="></latexit><latexit sha1_base64="Wx24M6SssllcKQJ2QdLqc80yDoo="></latexit><latexit sha1_base64="Wx24M6SssllcKQJ2QdLqc80yDoo="></latexit><latexit sha1_base64="Wx24M6SssllcKQJ2QdLqc80yDoo="></latexit>

{
<latexit sha1_base64="mwEZ0UrEop86SHoFSIzB7srw4ew="></latexit>

HW
<latexit sha1_base64="1ud+JKZ5cfWUc8ewcuuKZ0D/67k="></latexit><latexit sha1_base64="1ud+JKZ5cfWUc8ewcuuKZ0D/67k="></latexit><latexit sha1_base64="1ud+JKZ5cfWUc8ewcuuKZ0D/67k="></latexit><latexit sha1_base64="1ud+JKZ5cfWUc8ewcuuKZ0D/67k="></latexit>

=<latexit sha1_base64="wgNCD4zZEG98qqzLUpCCIT+7eig="></latexit>

{ <latexit sha1_base64="mwEZ0UrEop86SHoFSIzB7srw4ew="></latexit>

k2
<latexit sha1_base64="ezAxt1u2G2bBC80itVn1bZjk7AA="></latexit><latexit sha1_base64="ezAxt1u2G2bBC80itVn1bZjk7AA="></latexit><latexit sha1_base64="ezAxt1u2G2bBC80itVn1bZjk7AA="></latexit><latexit sha1_base64="ezAxt1u2G2bBC80itVn1bZjk7AA="></latexit>

X1
<latexit sha1_base64="ngLoMYiMjc4usuO5br0bqRI4+CQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIw682H3rBac+vuAmSdeAWpQYHWsPrlj2KWRlwhk9SYvucmOMioRsEkn1f81PCEsikd876likbcDLJF5jm5sMqIhLG2TyFZqL83MhoZM4sCO5lnNKteLv7n9VMMbweZUEmKXLHloTCVBGOSF0BGQnOGcmYJZVrYrIRNqKYMbU0VW4K3+uV10mnUvat64+G61nSLOspwBudwCR7cQBPuoQVtYJDAM7zCm5M6L86787EcLTnFzin8gfP5A/VVkZI=</latexit>

X2
<latexit sha1_base64="PEgLAGY/3aA+lZ9btCyhWCwztkg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIw682HjWG15tbdBcg68QpSgwKtYfXLH8UsjbhCJqkxfc9NcJBRjYJJPq/4qeEJZVM65n1LFY24GWSLzHNyYZURCWNtn0KyUH9vZDQyZhYFdjLPaFa9XPzP66cY3g4yoZIUuWLLQ2EqCcYkL4CMhOYM5cwSyrSwWQmbUE0Z2poqtgRv9cvrpNOoe1f1xsN1rekWdZThDM7hEjy4gSbcQwvawCCBZ3iFNyd1Xpx352M5WnKKnVP4A+fzB/bZkZM=</latexit>

Xg
<latexit sha1_base64="JdrrHsAL+qP0e7J07jnDNZDfTjU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIw682H42G15tbdBcg68QpSgwKtYfXLH8UsjbhCJqkxfc9NcJBRjYJJPq/4qeEJZVM65n1LFY24GWSLzHNyYZURCWNtn0KyUH9vZDQyZhYFdjLPaFa9XPzP66cY3g4yoZIUuWLLQ2EqCcYkL4CMhOYM5cwSyrSwWQmbUE0Z2poqtgRv9cvrpNOoe1f1xsN1rekWdZThDM7hEjy4gSbcQwvawCCBZ3iFNyd1Xpx352M5WnKKnVP4A+fzB0c8kcg=</latexit>

w1<latexit sha1_base64="bVGTL3t3xj7kVwefimA6G+A0R5A=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cVnBPqApZTK9aYdOJmFmopTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9nAG1Sqbs2dg6wSryBVKNAcVL78YczSCKVhgmrd89zE9DOqDGcCZ2U/1ZhQNqEj7FkqaYS6n80zz8i5VYYkjJV90pC5+nsjo5HW0yiwk3lGvezl4n9eLzXhTT/jMkkNSrY4FKaCmJjkBZAhV8iMmFpCmeI2K2FjqigztqayLcFb/vIqaddr3mWtfn9VbbhFHSU4hTO4AA+uoQF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyS9kbE=</latexit>

w2<latexit sha1_base64="0zbYTpJ6iMLD1z8k0xNDnLSCuSA=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cVnBPqApZTK9aYdOJmFmopTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrCm37GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XvMta/f6q2nCLOkpwCmdwAR5cQwPuoAktYJDAM7zCm5M6L86787EYXXOKnRP4A+fzByZBkbI=</latexit>

wg
<latexit sha1_base64="ELMcqz6KvWx22z3G1oAGNeE6LFw=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cVnBPqApZTK9aYdOJmFmopTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9lgNKhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrCm37GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XvMta/f6q2nCLOkpwCmdwAR5cQwPuoAktYJDAM7zCm5M6L86787EYXXOKnRP4A+fzB3aVkec=</latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.

<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit> .

<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.
<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>.

<latexit sha1_base64="Q0NWRhsu3xaLfCqWKdI537EwDNs="></latexit>

y1
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Figure 4: Reshape input features. The vanilla grouped convolution operation is transformed as matrix-vector multi-
plication.

• In Step 2, we duplicate the input feature block matrix by Co′ times to generate a larger block-diagonal matrix.

• In Step 3, we place the block-diagonal matrices of the g groups at the diagonal of the final feature matrix. The
parameters are also reshaped in the same manner, as mentioned above in Figure 3(b).

For each group, the matrix-vector multiplication with model error vvvi can be represented as yyyi = XXX iwwwi+vvvi, where
yyyi ∈ RMCo′ and XXX i ∈ RMCo′×NCo′ represent the reshaped outputs and inputs respectively, with M , HW . For a layer
with g groups, the vanilla grouped convolution is yyy = XXXwww+ vvv, where yyy = [yyy>1 , · · · ,yyy>g ]>, XXX = diag[XXX1,XXX2, · · · ,XXXg],
and vvv = [vvv>1 , · · · ,vvv>g ]>. The model error vvv is assumed to follow independent identical Gaussian distribution, i.e.,
P(vvv) ∼N (000,λ III), where λ is a hyper-parameter controling the precision of model error. III is an identity matrix.
The concrete form of the likelihood function in Formulation (3) can be obtained as follows:

P(Y |X ,www) = P(yyy|XXX ,www;λ )∼N (XXXwww,λ III). (4)

According to the network parameters prior P(www;γ,BBB) defined in Equation (2) and the likelihood function
P(yyy|XXX ,www) defined in Equation (4), the posterior of network parameters also follows multivariate Gaussian dis-
tribution P(www|yyy,XXX ;γγγ,BBB,λ )∼N (µµµ,ΣΣΣ), where the mean µµµ and the covariance matrix ΣΣΣ are represented as follows
[13]:

µµµ = ΣΣΣwwwXXX>(λ III +XXXΣΣΣwwwXXX>)−1(yyy−XXXµµµwww),ΣΣΣ = (ΣΣΣ−1
www +

1
λ

XXX>XXX)−1, (5)

where µµµ , [µµµ>1 , · · · ,µµµ>g ]>, and ΣΣΣ , diag[ΣΣΣ1, · · · ,ΣΣΣg]. µµµ i and ΣΣΣi are the posterior mean and the covariance matrix of
network parameters in the group i, respectively.

Now to determine the intra-group correlation BBBi and the inter-group importance γi, we can transform Formulation
(3) as follows [22, 23, 24]:

min
BBB,γγγ,λ

L (BBB,γγγ,λ ), (6)

where

L (BBB,γγγ,λ ),−2lnP(yyy|XXX ;BBB,γγγ,λ ) = ln |λ III +XXXΣΣΣwwwXXX>|+(yyy−XXXµµµwww)
>(λ III +XXXΣΣΣwwwXXX>)−1(yyy−XXXµµµwww). (7)

Since it has the ability to adaptively learn and exploit intra-group correlation for better performance and only takes
few iterations, in next section, we illustrate how to use a group LASSO type method to handle Formulation (6) so
that the intra-group correlation BBBi, the inter-group importance γi and the hyper-parameter λ can be well determined.

3.3 Optimization via Group LASSO Type Algorithm

In this subsection, we follow the work [25] and use a group LASSO type algorithm to determine hyper-parameters
so that it can achieve fast convergence. The main idea is shown as follows: Firstly, we find the upper-bound of the
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cost function L (BBB,γγγ,λ ) defined in Equation (7). Then the upper-bound can be transformed to be a group LASSO
problem. As a result, we can solve it with a typical group LASSO solver more efficiently.

In order to find an appropriate upper-bound of L (BBB,γγγ,λ ), we introduce a temporary function h(ααα) , [ 1
λ
||yyy−

XXXµµµwww−XXXααα||22+ααα>ΣΣΣ
−1
www ααα]. ααα is defined as a temporary variable. There is a global minimum ααα0, i.e., h(ααα0)≤ h(ααα),

with the first derivative h(ααα0)
′ = 000. Substituting ααα0 into the function h(ααα) and using Woodbury matrix identity [26]

lead to the upper-bound of Equation (7)

U L (ααα,γγγ,BBB,λ ) = ln |λ III +XXXΣΣΣwwwXXX>|+ 1
λ
||yyy−XXXµµµwww−XXXααα||22 +ααα

>
ΣΣΣ
−1
www ααα.

Here, we temporarily fix BBB and λ . Then instead of directly optimizing Formulation (6), we minimize the upper-bound
as follows:

min
ααα,γγγ

U L (ααα,γγγ). (8)

Furthermore, considering the term (1/λ )||yyy−XXXµµµwww−XXXααα||22 is independent of γγγ in U L (ααα,γγγ,BBB,λ ), Formulation
(8) can be handled in two steps alternatively and iteratively.

In the first step, U L (ααα,γγγ,BBB,λ ) can be transformed as Equation (9).

f (ααα) = min
γγγ,zzz≥000

ααα
>

ΣΣΣ
−1
www ααα + zzz>γγγ−g∗(zzz) = min

γγγ,zzz≥000

g

∑
i=0

(
ααα>i BBB−1

i ααα i

γi
+ ziγi

)
−g∗(zzz), (9)

where zzz = [z1,z2, · · · ,zg]
>. Minimizing Equation (9) w.r.t. γγγ , we have

γi = z−
1
2

i

√
ααα>i BBB−1

i ααα i, i = 1,2, · · · ,g. (10)

However, γi relies on zi. According the duality property [27], we can obtain

zi = Tr[BBBiXXX>i (λ III +XXX iΣΣΣwwwiXXX
>
i )
−1XXX i]. (11)

According to Equation (10) and Equation (11), γγγ relies on zzz and zzz relies on γγγ (ΣΣΣwww). Therefore, in the first step,
we minimize (9) by updating γγγ and zzz, alternatively.

In the second step, after γγγ and zzz are determined, Formulation (8) is transformed as follows:

min
ααα

||yyy−XXXµµµwww−XXXααα||22 +λ

g

∑
i=1

2z
1
2
i

√
ααα>i BBB−1

i ααα i. (12)

Formulation (12) is an implicit group LASSO formulation, which can handled by calling classical group LASSO
solver (e.g., [28]) to determine ααα .

Note that during the above process, we fix the intra-group correlation BBB and the hyper-parameter λ . In fact, the
hyper-parameter λ can be automatically determined by a group LASSO solver [28]. Besides, according to [25], since
ααα has the approximate covariance with www, BBB can be approximately estimated by ααα from the previous iteration, that
is

BBBi =
1
γi

ΣΣΣwwwi ≈
1
γi
E[(ααα i−E(ααα i))(ααα i−E(ααα i))

>]. (13)

In particular, according to [29], the first-order auto-regressive process corresponding to the Toeplitz matrix is
more sufficient to capture intra-group correlation. Therefore, the intra-group correlation matrix BBBi is replaced by B̂BBi

as follows:
B̂BBi = Toeplitz([1, r, · · · , rNCo′−1]), (14)

where r = m̄1/m̄0, m̄0 and m̄1 are the averages of elements along the main diagonal and the main sub-diagonal of BBBi,
respectively. In summary, the developed group LASSO type algorithm flow is shown in Algorithm 1.
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Algorithm 1 Group LASSO to handle Formulation (6).

Require: XXX , yyy from one grouped convolutional layer, network parameters www.
1: Initialize BBB, γγγ , zzz and λ .
2: repeat
3: Update γγγ by Equation (10);
4: Update zzz by Equation (11);
5: Solve Formulation (12) to obtain ααα and λ ;
6: Update BBBi = B̂BBi by Equations (13) and (14);
7: until Convergence
8:

9: return hyper-parameters BBB, γγγ and λ .

3.4 Overall flow

In this subsection, we will give an overall flow about how to share parameters among different groups so that the
vanilla grouped convolution can be transferred as the sharing structure.

After BBB, γγγ and λ are determined by Algorithm 1, in each group, model parameters wwwi can be determined by the
posterior mean as shown in Equation (5), that is wwwi = µµµ i. To share the parameters among different groups in one
grouped convolutional layer, the mean of the sharing parameters µµµwwwb

is defined as a prior mean as follows:

µµµwwwb
=

∑
g
i γiwwwi

∑
g
i γi

. (15)

The mean is the weighted average of all network parameters obtained in the last iteration, with the inter-group
importance γi. Then in Equations (7) and (8), the prior mean is µµµwww = 111g⊗µµµwwwb

= [µµµ>wwwb
,µµµ>wwwb

, · · · ,µµµ>wwwb
]>, and 111g ∈Rg is

a vector whose all elements are 1.⊗ represents the Kronecker product. The sharing process is shown in Algorithm 2.
As shown in Figure 5, initially, all groups have different parameters. After few iterations, parameters will gradually
become the same by our proposed Bayesian sharing framework. In particular, the mean sharing method is a special
case of our proposed Bayesian sharing method, i.e., γγγ ≡ 111g.

Algorithm 2 Bayesian sharing framework

Require: XXX , yyy from one grouped convolutional layer, network parameters www.
1: Initialize µµµwwwb

= ∑
g
i wwwi/g, µµµwww = 111g⊗µµµwwwb

;
2: repeat
3: Update BBB, γγγ and λ by Algorithm 1;
4: Update model parameters wwwi by the posterior mean in Equation (5);
5: Update the sharing model parameters µµµwwwb

by Equation (15) and µµµwww = 111g⊗µµµwwwb
;

6: until Convergence
7: return The sharing weights wwwb = µµµwwwb

.

For the whole CNN model, we adopt a separate-merge methodology [17] to share weights in all grouped convo-
lutional layers, that is separately updating parameters by loss function in the back-propagation stage and computing
loss function value in the forward propagation stage. Given a pre-trained CNN model, we fix model parameters in
non-grouped convolutional layers and update model parameters in all grouped convolutional layers by our proposed
Bayesian sharing method as shown in Algorithm 2 from front layers to back layers sequentially in the forward
propagation stage.

The loss value is calculated by all updated shared grouped convolution parameters and other fixed model pa-
rameters. Then the loss value is used to updated all model parameters. By performing this sharing process for few
epochs, the final sharing model can be obtained.
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Figure 5: The sharing process of grouped convolution parameters. Green, blue and red boxes represent parameters
(kernels) in three groups. After few iterations, all groups have the same kernels (grey boxes), which are shared.

4 Experimental Results

In this section, we apply our Bayesian sharing framework on some popular grouped convolutional neural networks,
including ResNeXt [10], ShuffleNet [30] and G-DenseNet [31, 32]. We test them on CIFAR-10 and CIFAR-100
[14]. As an ablation study, to clarify the impact of the proposed Bayesian sharing framework, the directly trained
sharing grouped convolutional neural networks and the mean sharing method are also implemented for comparison.
The direct training method constructs a network with the proposed sharing structure and then trains it. The mean
sharing method trains the model from scratch and each group has its own weights. At some certain training epochs,
e.g., 80 and 100 epochs, we average the weights and then continue the training process. In the experimental results,
“−D” represents the results of directly trained sharing grouped convolutional neural networks, “−M” represents the
results of mean sharing, and “−B” represents the Bayesian sharing.

4.1 Implementation details and experimental settings

4.1.1 Training settings

On CIFAR-10 and CIFAR-100, we test all of these three methods. The initial learning rate is set as 0.1. For ResNeXt
and ShuffleNet, the batch size is 128 and the learning rate is gradually divided by 10 at 81 and 122 epochs, with 164
training epochs in total. For G-DenseNet, the batch size is 64, and the learning rate is divided by 10 at 150 and 225
epochs, with a total of 300 training epochs. CIFAR-10 and CIFAR-100 are shorted as C-10 and C-100 in the result
tables. Our optimizer uses momentum optimizer, with momentum 0.9 and weight decay 2×10−4.

4.1.2 Evaluation Metrics

Parameter volume, model accuracy, and grouped convolution compression ratio (GCR) are considered as the eval-
uation metrics. Parameter volume, abbreviated as “#P”, counts all the parameters in the model, including grouped
convolutional layers and other linear or nonlinear layers. GCR is only for grouped convolutional layers, i.e., volume
of the sharing layer divided by the original volume before sharing. The compression ratio of the baseline model is
also 100%. For a grouped convolutional layer with g groups, after sharing, the compression ratio is 1/g. Therefore,
our compression ratio relies on the number of groups. The number of floating point operations (FLOPs) and runtime
are also attached.
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4.2 Experiments on CIFAR Dataset

Our sharing method is applied to some baseline models, i.e., ResNeXt, ShuffleNet and G-DenseNet to test CIFAR-
10 and CIFAR-100, with some necessary model modifications in Tables 3 and 4. For ResNeXt-35 and RexNeXt-50,
to test the cardinality, some tests are conducted on grouped convolutional layers with 4, 8, 16 groups, while the
kernel size is 3× 3. The point-wise convolutional layers are not considered here since they are not in the grouped
convolutional layers of these two models. For ShuffleNet, grouped convolutional layers with 4 and 8 groups are
tested. Different from ResNeXt, the point-wise (1×1) convolutions in ShuffleNet are grouped convolutional layers.
Some experiments are conducted on ShuffleNet with 1×1 convolutions to further demonstrate the effectiveness of
our sharing method. DenseNet contains both 3× 3 and 1× 1 convolutional layers, which are both tested to further
validate the compatibility of our method.

As ablation studies, to clarify the impacts of our proposed Bayesian sharing framework, we compare the di-
rectly trained model with sharing grouped convolution, the mean sharing, and the proposed Bayesian sharing. The
results are shown in Tables 3 and 4. For all of these tests, compared with the corresponding baseline models, the
performance degradations occur in all directly trained models. The mean sharing method can achieve slight ac-
curacy improvements in the most cases but G-DenseNet-86 since it is able to combine parameters among differ-
ent groups without discrimination, i.e., γγγ ≡ 111g in Equation (15). Compared with the mean sharing method, our
Bayesian sharing framework can bring significant accuracy improvements, mostly more than 2%, since it consid-
ers the intra-group correlation and the inter-group importance to combine parameters among different groups with
discriminations. In other words, it is able to discriminately combine parameters to achieve message passing to dif-
ferent features according to the importances learned from maximum likelihood estimation in Equation (6). Some
tests achieve higher improvements, e.g., in Table 3, ResNeXt-50-B with 8 groups on CIFAR-100 improves the ac-
curacy by 76.11%− 73.16% = 2.95% with the less parameter volume. As a result, the proposed Bayesian sharing
framework can improve the parameter efficiency, reduce the parameter redundancy and alleviate the overfitting issue.

Our Bayesian sharing method can result in impressive compression and runtime performance. Since for grouped
convolutional layers with g groups, the GCR is 1/g, more groups mean better compression ratio. According to Ta-
bles 3 and 4, as the group number increases, our method achieves higher compression ratios. Convolutional layers
with 4 groups have the minimal GCR, i.e., compressed to 0.25 times. Dividing to 16 groups can bring the maximal
compression ratio, i.e., 0.0625 times. Except for grouped convolutional layers, a typical neural network contains
many other linear or non-linear layers. The models with more grouped convolutional layers have better compression
performance for parameter volume by using our Bayesian sharing method. In Table 3, for ResNeXt models with the
limited number of 3×3 convolutional layers, we can achieve up to 21% ((2.01−1.58)/2.01) overall volume reduc-
tion. In Table 4, for the sharing G-DenseNet-86, the parameter volume is reduced by 46.77% ((0.62−0.33)/0.62).
The sharing ShuffleNet-1x reduces the parameter volume by 54.8% ((0.62−0.28)/0.62), and the parameter volume
in ShuffleNet-2x reduces more than 64.17% ((1.34− 0.48)/1.34). The proposed sharing method can achieve the
more significant parameter reductions for CNN with the more grouped convolutional layers. Generally, the deeper
and larger models suffer from higher risks of overfitting. With our Bayesian sharing framework, we can alleviate this
problem by reducing parameter volume.

In particular, compared with these baseline methods, our proposed sharing grouped convolution does not reduce
FLOPs in the inference stage. However, as shown in Figure 2(c), the parameters are shared among different groups.
The sharing parameter strategy can reduce the actual number of memory accesses so that the inference time can
be reduced, as shown in Tables 3 and 4. The runtime results are tested on one Kaggle Nvida Tesla P100 (16 GB
memory, 720 GB/s bandwidth). It is believed that we can achieve better run performances on FPGA with dataflow
optimizations[33].

5 Conclusion

In this paper, we propose a sharing grouped convolution structure with the Bayesian sharing framework to efficiently
eliminate parameter redundancy and boost model performance. Intra-group correlation and inter-group importance
are introduced into the prior of the parameters. We handle the Maximum Type II likelihood estimation problem of
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Table 3: ResNeXt on CIFAR Dataset.

Model g
RexNeXt-35 RexNeXt-50

#P Acc. (%) FLOPs Time #P Acc. (%) FLOPs Time GCR
(M) C-10 C-100 (M) (ms) (M) C-10 C-100 (M) (ms) (%)

ResNeXt (baseline) 4 1.29 92.87 72.91 202 33.4 2.01 93.67 73.08 279 42.8 100.00

ResNeXt-D 4 1.19 (↓) 92.02 (↓) 72.17 (↓) 202 26.2 1.58 (↓) 92.89 (↓) 72.86 (↓) 279 33.3 25.00
ResNeXt-M 4 1.19 (↓) 93.31 (↑) 73.44 (↑) 202 26.2 1.58 (↓) 93.90 (↑) 73.55 (↑) 279 33.3 25.00
ResNeXt-B 4 1.19 (↓) 94.15 (↑) 74.56 (↑) 202 26.2 1.58 (↓) 94.93 (↑) 75.46 (↑) 279 33.3 25.00

ResNeXt (baseline) 8 1.31 93.00 73.07 214 43.3 2.04 93.22 73.16 291 47.3 100.00

ResNeXt-D 8 1.18 (↓) 92.32 (↓) 72.51 (↓) 214 38.5 1.70 (↓) 93.14 (↓) 72.71 (↓) 291 42.3 25.00
ResNeXt-M 8 1.18 (↓) 93.42 (↑) 73.62 (↑) 214 38.5 1.70 (↓) 93.78 (↑) 73.93 (↑) 291 42.3 12.50
ResNeXt-B 8 1.18 (↓) 94.08 (↑) 74.97 (↑) 214 38.5 1.70 (↓) 95.04 (↑) 76.11 (↑) 291 42.3 12.50

ResNeXt (baseline) 16 1.35 92.93 (↑) 73.23 (↑) 222 48.7 2.12 93.23 (↑) 73.31 (↑) 309 55.0 100.00

ResNeXt-D 16 1.26 (↓) 92.48 (↓) 72.57 (↓) 222 43.8 1.88 (↓) 93.22 (↓) 72.93 (↓) 309 52.6 6.25
ResNeXt-M 16 1.26 (↓) 93.38 (↑) 73.64 (↑) 222 43.8 1.88 (↓) 93.78 (↑) 73.79 (↑) 309 52.6 6.25
ResNeXt-B 16 1.26 (↓) 94.77 (↑) 75.88 (↑) 222 43.8 1.88 (↓) 95.17 (↑) 75.87 (↑) 309 52.6 6.25

Table 4: ShuffleNet and G-DenseNet on CIFAR Dataset.

Model g
#P Acc. (%) FLOPs Time GCR
(M) C-10 C-100 (M) (ms) (%)

ShuffleNet-1x (baseline) 4 0.62 91.65 71.48 106 23.0 100.00

ShuffleNet-1x-D 4 0.28 (↓) 90.78 (↓) 70.56 (↓) 106 17.6 25.00
ShuffleNet-1x-M 4 0.28 (↓) 92.47 (↑) 72.29 (↑) 106 17.6 25.00
ShuffleNet-1x-B 4 0.28 (↓) 93.56 (↑) 73.83 (↑) 106 17.6 25.00

ShuffleNet-2x (baseline) 4 1.34 91.48 71.65 123 29.8 100.00

ShuffleNet-2x-D 4 0.48 (↓) 90.32 (↓) 70.49 (↓) 123 22.9 25.00
ShuffleNet-2x-M 4 0.48 (↓) 92.68 (↑) 72.07 (↑) 123 22.9 25.00
ShuffleNet-2x-B 4 0.48 (↓) 93.79 (↑) 73.89 (↑) 123 22.9 25.00

ShuffleNet-1x (baseline) 8 1.35 92.29 72.12 204 33.4 100.00

ShuffleNet-1x-D 8 0.60 (↓) 91.19 (↓) 71.57 (↓) 204 28.1 12.50
ShuffleNet-1x-M 8 0.60 (↓) 93.16 (↑) 72.26 (↑) 204 28.1 12.50
ShuffleNet-1x-B 8 0.60 (↓) 94.00 (↑) 72.98 (↑) 204 28.1 12.50

G-DenseNet-86 (baseline) 4 0.62 93.21 73.89 102 69 100.00

G-DenseNet-86-D 4 0.33 (↓) 92.89 (↓) 73.14 (↓) 102 53 25.00
G-DenseNet-86-M 4 0.33 (↓) 93.78 (↑) 73.76 (↓) 102 53 25.00
G-DenseNet-86-B 4 0.33 (↓) 94.91 (↑) 75.12 (↑) 102 53 25.00

the intra-group correlation and inter-group importance by a group LASSO type algorithm. Experiments demonstrate
the proposed sharing grouped convolution structure with the Bayesian sharing framework can reduce parameters and
improve prediction accuracy. The proposed sharing framework can reduce parameters up to 64.17%.
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Abstract

Cyber-Physical Systems (CPS) usually consist of a set of embedded systems (CPS nodes) connected through
wireless communication, providing multiple functionalities that support different types of applications. During
CPS deployment, application tasks are mapped on the CPS nodes with the objective of enhancing real-time
performance, energy efficiency, and execution reliability. To satisfy these requirements, effective task mapping
approaches should be designed based on different types of tasks, platforms, application and system requirements.
In this paper, we provide a comprehensive survey regarding the task mapping methods in CPS.

1 Introduction

Embedded systems can support diverse functionalities on a tiny platform, e.g., data collection and processing, wire-
less communication. With the characteristics of simple structure, high degree of customization, low cost and low
power consumption, embedded systems have became the critical part of networked systems, such as Cyber-Physical
Systems (CPS). They are widely used in the wireless nodes, such as sensors, actuators or controllers. The system
applications, including control, sensing, data processing and date transmission, contain multiple dependent tasks.
These tasks can be mapped on the wireless nodes so as to achieve the desired system performance. Following the
“Fog/Edge-computing” model, instead of collecting and sending all data to a remote Base Station (BS), a part of the
data processing is done on the wireless nodes, and thus, only a small part of pre-processed data is sent to the BS. As
a result, the use of system resources can be optimized.

During the task mapping process, i.e., task allocation and task scheduling, the constraints related to energy
consumption and real-time execution should be taken into account. This is because, most of the wireless nodes
have limited energy budget, especially for the energy-harvesting or battery-powered devices. In addition, real-time
responsiveness is required by many applications, e.g., mobile target tracking, as missing task deadline can have
serious consequences. With a proper task mapping scheme, the tasks can be executed in parallel on various nodes
so as to improve the real-time execution. On this basis, by employing energy efficiency methods, such as Imprecise
Computation (IC), Dynamic Voltage and Frequency Scaling (DVFS), and Dynamic Power Management (DPM), the
time and the energy consumed to execute the tasks can be optimized. However, DVFS will influence the reliability
of task execution. Usually, the higher is the frequency to execute the tasks, the higher is the task reliability.

Energy efficiency, task deadline and reliability are important, but these are conflicting objectives, since enhancing
real-time execution and task reliability often require to consume more energy. Several methods have been proposed
to balance these requirements. In the rest of the paper, we will first provide the main preliminaries for system model
used in task mapping, and then, give a comprehensive survey of the state-of-the-art.
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2 System Model

In this section, we describe the typical characteristics of the system model used for task mapping. Table 5 links the
task and platform model with the corresponding variables used in the task mapping methods.

Table 5: Link of main task and platform characteristics with task mapping variables.

Variables
Task model Platform model

IC Dependent Multi-core DVFS DPM Reliability Migration Network
Task frequency

√ √ √

Task allocation
√ √

Task sequence
√

Task start time
√

Task adjustment
√

Task duplication
√

Task partition
√

Node communication
√

2.1 Task Model

Tasks can be modeled as imprecise computation (IC) tasks and precise computation tasks, based on their character-
istics [1]. In the IC model, a task can be logically divided into: 1) a mandatory subtask, which guarantees the basic
QoS, and 2) an optional subtask, which further improves QoS. Both the mandatory subtask and the optional subtask
must be completed before the task’s deadline to generate a correct and in-time result, and the optional subtask is
executed after the mandatory subtask. By executing the mandatory subtask, we obtain the basic Quality of Service
(QoS). When the system resources are available, the optional subtask can be executed. The longer the optional sub-
task is executed, the better is the QoS of the result. Compared with the IC tasks, the precise computation tasks can
be considered as a special case of IC tasks, where the complete task corresponds to the mandatory subtasks, while
the optional subtask is empty.

The characteristics of an IC task τi can be described by a tuple {oi,Mi,Oi, ts
i ,Di,Ti} [2], where Mi is the manda-

tory subtask, oi is the optional subtask and it has an upper bound Oi, i.e., 0 ≤ oi ≤ Oi. Mi and Oi are measured in
Worst Case Execution Cycles (WCECs). ts

i , Di and Ti are the start time, the deadline and the period of task τi, respec-
tively. During the task mapping process, oi and ts

i are the optimization variables since they influence task scheduling
decision. A real-time application is usually consisting of a set of N dependent tasks {τ1, . . . ,τi, . . . ,τN}. They can be
described by a Directed Acyclic Graph (DAG) G(V ,E ), where vertexes V represent the set of tasks to be executed,
while edges E represent the data dependencies between the tasks. The dependency between the tasks can be further
described by an N×N binary matrix SSS, where si j = 1 represents task τi precedes task τ j, i.e., τ j starts after the end
time of τi, otherwise, si j = 0. Since the tasks are dependent, the adjustment of task start time ts

i and ts
j is restricted by

the task sequence si j.
Based on the IC task, the QoS function provides the obtained QoS based on the number of execution cycles

of the optional subtask. Usually, it can be formulated as: 1) Linear function, e.g., ∑
N
i=1(aioi + bi) [3]; or 2) Con-

cave function, e.g., ∑
N
i=1(αioi + βi

√
oi +
√

3γioi) [4]. The linear function models the case where the system QoS
increases uniformly during the optional subtask execution, while the concave function addresses the case where the
increase of QoS exhibits a continuously nondecreasing rate as the optional subtask execution goes on. Linear and
general concave functions are considered as the most realistic and typical QoS representation in the literature [5],
since they adequately capture the behavior of many application areas, such as image and speech processing, control
engineering, and automatic target recognition.

2.2 Platform Model

With the increasing requirements of high performance computation, low energy consumption and low task execu-
tion delay, single-core embedded systems are insufficient for data intensive applications, such as multimedia. High
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performance computation and low task execution delay usually require more energy consumption. To balance these
contradictory requirements, multi-core embedded systems are used. Multi-core platforms allow the computations to
be split and assigned to multiple processors, and each processor can run at a lower voltage and frequency. Compared
to a single-core system, this result has a higher energy and time efficiency. For example, the fire detection wireless
node MiLive-v2 [6] is equipped with three processor types: 1) a 8-bit low-power AVR processor (ATmega128rfa1),
which can be used to run simple tasks; 2) a 32-bit powerful ARM processor (ARM1176JZF), which can be used to
run more complicated tasks; and 3) a Digital Signal Processor (DSP) unit, which can be specially used for image
processing.

Dynamic Voltage and Frequency Scaling (DVFS) and Dynamic Power Management (DPM) are two effective
methods to improve energy efficiency of task execution [7]. As long as the resource and application constraints
(e.g., task deadline) allow, the methods with DVFS/DPM achieve significant energy reductions. DVFS is able to
adjust the supply voltage/frequency of the processor during the task execution process, and thus, the time and the
energy required to execute the tasks can be optimized. The power consumption of a processor θk is expressed as
Pc

k = Ps
k +Pd

k [7], where Ps
k = Cs

kvρk
k is the static power of the processor ready to execute (being either on the ac-

tive or idle mode), Pd
k = Cd

k fkv2
k is the dynamic power of task execution. Cs

k, ρk and Cd
k are constants depending on

the type of processor. By lowering the supply voltage/frequency (vk, fk), quadratic savings in energy consumption
can be achieved. Based on the adjustment manner, DVFS can be classified as: 1) continuous DVFS [4]: the voltage
can be changed within the range [Vmin,Vmax]; and 2) discrete DVFS [2]: the processor can select L different volt-
age/frequency levels {(v1, f1), . . . ,(vl, fl), . . . ,(vL, fL)}. On the other hand, based on the length of duration, DVFS
can be classified as: 1) inter-task DVFS [2]: the voltage/frequency of processor stays constant during the execution
of a task; 2) intra-task DVFS [8]: the voltage/frequency of processor can be changed during the execution of a task.

When the assigned tasks are finished, the processor will switch from the active mode to the idle mode. In
addition, when the idle interval of the processor is longer than a certain threshold Tth (called break-even time), the
processor will turn into the sleep mode. The transition time and energy overhead is very small compared to the time
and energy required to complete a task. Such overheads are typically incorporated into the execution time and energy
of the task [9]. According to the start time ts

i and the end time te
i of each task τi, i.e., to adjust the idle interval, the

processor can directly switch from the active model to the sleep mode through the DPM. Since sleep mode consumes
less energy than idle mode, DPM can further reduce the energy consumption of task execution.

Although the energy efficiency of task execution can be enhanced through the DVFS, DVFS has a negative
impact on reliability, mainly due to the increased transient fault rates at low supply voltage/frequency levels. Usually,
the reliability follows a Poisson distribution model [10]. When a processor θk uses voltage/frequency level (vk, fk)
to execute a task τi with Ci cycles, the reliability of task execution is

Rik = e−λ×10
d( fmax− fk)
fmax− fmin ×Ci

fk , (16)

where fmax = max{ f1, . . . , fL} and fmin = min{ f1, . . . , fL}, λ and d are the constants related to fault rate and sensi-
tivity. Eq. (16) shows that the higher frequency used to execute the tasks, the higher reliability can be obtained. To
improve task reliability, besides DVFS, task replication can be also used. For instance, by applying selective task
duplication, task τi is duplicated when its execution reliability is lower than a given threshold Rth. Then, task τi and
its duplicated task are executed on a different processor, since it is unlikely that the execution of both original and
duplicated tasks on different processors fails [11]. Therefore, if the reliabilities of original and duplicated tasks are
Rim and Rin, respectively, the total reliability of task τi becomes Ri = 1− [1−Rim][1−Rin].

Based on the processor’s characteristics, multi-core embedded systems can be divided into: 1) homogeneous
platform, and 2) heterogeneous platform. For the homogeneous platform, the processors are the same, and thus,
they have the same frequency characteristics (e.g., minimal, maximal and operating frequencies). However, for the
heterogeneous platform, the processors are divided into several clusters, where each cluster consists of a set of
symmetric processors that have the same frequency characteristics. Since the processors of heterogeneous platform
have different voltage/frequency levels, a task execution efficiency λik ∈ (0,1] is usually introduced to describe the
task execution efficiency (i.e., the heterogeneity) [9]. Correspondingly, the Worst Case Execution Time (WCET)
of task τi, when it is executed on processor θk, is calculated as Ci

fkλik
. In addition, some heterogeneous platforms,
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e.g., ARM big.LITTLE platform [12, 13], can support task migration, which means a task can migrate from one
cluster (e.g., big cluster) to another cluster (e.g., LITTLE cluster) during task execution, and thus, the efficiency and
the schedulability of task execution can be further enhanced. The methods mentioned above and the corresponding
optimization variables are summarized in Table 5.

For the networked systems, since the nodes are connected with each other wirelessly, when dependent tasks are
assigned to different nodes for execution, the nodes will spend time and energy for data communication [14]. Since
the communication range of each node is limited, the task allocation decision will influence the communication cost
of the nodes. Hence, we also need to optimize task-to-node allocation. As the task is time sensitive and the energy
budget of the node is limited, this impact should be formulated. To achieve that, we can introduce an energy matrix
EEE = [eβγk]M×M×M and a time matrix TTT = [tβγ ]M×M, where M is the number of the nodes. eβγk is the energy consumed
by a node θk when relaying unit of data from node θβ to node θγ , and tβγ is the time required to transmit unit of data
from node θβ to node θγ . Therefore, based on the matrices EEE and TTT , we obtain the corresponding communication
cost under the given task allocation decision [15].

3 Task Mapping Methods

The basic task mapping contains two steps: 1) task allocation: determines on which processor/node should the task be
executed, and 2) task scheduling: determines when a task starts and ends its execution. Table 6 classifies the relevant
state-of-the-art methods, presented in this section, based on 1) the task model (Imprecise, Precise), 2) the target
platform (Embedded, Networked), 3) the constraints (Energy, Real-Time, Reliability), 4) the objective (Minimize
Energy, Balance Energy, Maximize Reliability, Maximize QoS), and 5) the achieved solutions (Heuristic, Optimal)
of task mapping problem under study.

Table 6: Task Mapping Methods

Ref. Task Platform Constraints Objective Solution
Imprecise Precise Embedded Networked Energy Real-time Reliability MinE. BalE. MaxR. MaxQoS H. O.

[16]
√ √ √ √ √

[17]
√ √ √ √ √

[9]
√ √ √ √ √

[7]
√ √ √ √ √

[18]
√ √ √ √ √

[19]
√ √ √ √ √

[20]
√ √ √ √ √ √

[21]
√ √ √ √ √ √ √

[22]
√ √ √ √ √ √

[23]
√ √ √ √ √ √

[10]
√ √ √ √ √ √

[11]
√ √ √ √ √ √

[24]
√ √ √ √ √ √

[4]
√ √ √ √ √ √ √

[25]
√ √ √ √ √ √

[26]
√ √ √ √ √ √

[5]
√ √ √ √ √ √

[3]
√ √ √ √ √ √

[27]
√ √ √ √ √ √

[28]
√ √ √ √ √ √ √

[29]
√ √ √ √ √ √

[30]
√ √ √ √ √ √

[31]
√ √ √ √ √ √

[32]
√ √ √ √ √ √

[33]
√ √ √ √ √ √

[14]
√ √ √ √ √ √ √ √

3.1 Task Mapping on Embedded Systems

Existing task mapping methods can be classified as Energy-aware task mapping and QoS-aware task mapping.
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3.1.1 Energy-Aware Task Mapping

Energy-aware task mapping problem usually considers the precise computation task model and the aim to minimize
the energy consumption under energy, real-time and reliability constraints.

When the voltage/frequency level is discrete, the corresponding task mapping problem is usually formulated
as Integer Programming (IP), e.g., [16, 17, 9]. To efficiently solve the task mapping problem, a hybrid Genetic
Algorithm (GA) is proposed in [16], a polynomial-time two-step heuristic is designed in [17], and the IP problem
is relaxed to a Linear Programming (LP) in [9]. Combining DVFS and DPM, a Mixed-Integer Linear Programming
(MILP)-based task mapping problem is considered in [7] and the problem is solved by CPLEX solver.

When the voltage/frequency level is continuous, a convex task mapping problem is proposed in [18] and the prob-
lem can be solved by using polynomial-time methods. In [19], Mixed-Integer Non-Linear Programming (MINLP)
is used to formulate the task mapping problem. The problem is relaxed to an MILP by linear approximation and is
solved by Branch and Bound (B&B) method.

If multiple system requirements are taken into account, the complex coupling between the optimization variables
makes the problem difficult to solve, especially when the coupling is non-linear and non-convex. The common
methods to deal with the nonlinear items include: 1) linear approximation [19], and 2) variables replacement [7].

Taking the task reliability into account, existing methods include reliability-optimized task mapping [20, 21, 22]
and energy-optimized task mapping [23, 10, 11]. The aim of reliability-optimized task mapping is to maximize task
reliability under system resource and application constraints. Regarding energy-optimized task mapping, the aim is
to minimize energy consumption, under energy supply, task reliability and real-time constraints.

To maximize the reliability of task execution, as well as to meet energy supply, task dependency and task deadline
constraints, the dynamic and static methods are proposed in [20] and [21] to allocate and schedule dependent tasks
on the multi-core platforms. The multi-objective task mapping problem is consider in [22], where the aim is to
simultaneously maximize the reliability and the lifetime of tasks.

DVFS is applied in [23] to meet task reliability constraint. Since task duplication is not taken into account,
higher voltage/frequency level may require to execute the tasks. In [10], full replication is used to meet reliability
constraint, and thus, each task is replicated once at least. Although more tasks being duplicated, higher reliability is
achieved while task redundancy is incurred, more energy and time are required to execute the tasks. DVFS and task
duplication are combined in [11] and [24], where the only partial tasks are duplicated.

3.1.2 QoS-Aware Task Mapping

Existing works consider the QoS-aware task mapping problem using the IC task model and having a goal to maxi-
mize the QoS under a set of realtime and/or energy supply constraints.

The target platforms studied in [4] and [25] are single-core platforms. Therefore, there is no need to consider
task allocation decision. Although some works target at multi-core platforms, e.g., [26, 5, 3, 27, 28], they focus on
different contexts. For example, the task-to-processor allocation is fixed and given in advance for all the tasks in [26],
each processor has a predefined frequency in [5, 3], the tasks are independent in [28], and the multi-objective task
mapping is consider in [27] with the aim is to maximize the QoS as well as to minimize the energy consumption.
For tractability reasons, the variable, optional subtask adjustment, is usually considered as continuous variable in
the above studies. When task mapping problem is solved, the result is rounded down. As the tasks execute typically
hundreds of thousands of cycles, this impact is negligible [4].

The QoS-aware task mapping problem is a well-known NP-hard problem. Hence, finding an optimal solution
satisfying all the given constraints (e.g., energy efficiency, deadline, QoS, task dependency, and DVFS) is very
difficult and time consuming. The methods that used to solve the aforementioned problems can be classified into
two main classes. The first class includes the methods based on heuristics, e.g., [25, 26, 3, 27]. The second class
includes the methods that always produce an optimal solution, e.g., [4, 5, 28].

The heuristic methods mentioned above usually adopted a multi-step optimization, i.e., to decouple the variables
and to determine their values in sequence. For instance, a two-step heuristic is proposed in [3]. The aim of the first
step is to find a proper task-to-processor allocation, such that the energy consumption is minimized. With the given
task allocation decision, the energy consumed to execute one task is proportional to the length of its optional subtask.
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Based on the given task allocation decision, the aim of the second step is to adjust the optional subtasks so as to
maximize OoS under the energy supply constraint. Although the heuristic methods are able to find feasible solutions
in a short amount of time, they do not provide the bounds on the solution quality. In addition, they are sensitive to
the problem structure, i.e., when new assumptions or constraints are taken into account they must be redeveloped.

On the other hand, to find the optimal solution, the common methods include: 1) convex optimization [4, 5], and
2) Benders Decomposition (BD) [28]. Instead of solving the binary and the continuous variables of MILP problem
simultaneously, BD technique decomposes the original problem into two smaller problems with less variables and
constraints: an ILP-based Master Problem (MP) and a LP-based Slave Problem (SP). Then, it solves the subproblems
by utilizing the solution of one in the other. By doing so, the computation time can be significantly reduced. In each
iteration, the current MP is solved to determine a lower bound for the original problem along with the temporary
values of the binary variables. And then the SP is solved to obtain an upper bound by utilizing the solution of
MP. The bounds are updated if the stopping criterion, i.e., the gap between the upper and lower bounds is smaller
than a predefined threshold, is not met, and a new constraint (i.e., Benders cut) is generated by using the solution
of SP and is added to MP in next iteration. As the BD method runs in an iterative way, the stopping criteria can
serve as the controllable parameters to trade-off the quality of the solution (i.e., system QoS) and the computational
complexity (i.e., computing time). In addition, as the computational complexity of BD method is dominated by the
cost of solving the ILP-based MP, an accelerated BD method is proposed in [2], without violating optimality of the
solution. This method replaces the optimal solution of MP with the feasible solution and uses it for the iteration
between the MP and the SP. The structure of BD algorithm is shown in Fig. 1.

Master Problem (ILP)

Slave Problem (SP)

Integer variables, e.g., task allocation, frequency
assignment, task duplication, task sequence

Continuous variables, e.g., task start time, task
adjustment, task partition

New
constraints

Integer
solution

MILP

Figure 1: The structure of BD algorithm.

3.2 Task Mapping on Networked Systems

In the networked systems, there are various approaches to map dependent tasks on the wireless nodes, e.g., [29, 30,
31, 32, 33, 14]. In [29], the objective of task mapping is to minimize the energy consumption of the nodes with
low energy level, and thus, the system lifetime can be enhanced. To solve this task mapping problem a multi-step
heuristic method is designed. Similar task mapping problem is studied in [30], while a game theory approach is
proposed to find the solution. However, the voltage/frequency levels of the processors are fixed in these approaches.
The problems of task mapping and DVFS are jointly addressed in [31] and [32], based on the idea of problem
decomposition, a heuristic method [31] and an optimal method [32] are presented to solve complex optimization
problems. In [33], by using evolutionary algorithms (ant colony and bee colony) to perform task mapping, the
energy consumption of the nodes for data communication and task execution can be minimized. The above methods
assume that one node transmits data to another node through a fixed path. Since the wireless nodes are connected
with each other through a mesh network, the communication between the nodes can be performed through multiple
routing paths. The multi-path data routing is considered in [14], where the aim to enhance system lifetime, i.e., to
balance the energy consumption of the nodes. The task mapping problem is first formulated as an Integer Non-Linear
Programming (INLP) and then is solved by greedy algorithm.
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4 Conclusion

This survey provides a current view of task mapping problem in CPS. We follow a three-step approach to summarize
the recently published papers in the relevant area. More precisely, a task classification is obtained regarding he
characteristics of task models, including the task dependency and the adjustment of execution cycles. A platform
classification is proposed based on the platform type and the functions of the processor/node. Finally, the task
mapping methods are classified, based on task and system under study, using task and system classifications.
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1 Introduction

The simultaneous localization and mapping (SLAM) is referred to as the ability of robots to extract information
from surroundings to build maps and simultaneously utilize the map for self-localization [1]. The SLAM problem
has continued to draw considerable attention in the robotic community due to its fundamental importance in most of
robotic tasks. Numerous effective solutions for SLAM deployed on a single robot have been proposed [2, 3, 4, 5].
However, single robot systems have limits on resources and efficiency. Moreover, many complex tasks cannot be
completed by one single robot. Thus, multi-robot system has become an emerging research hot spot in robotics, so
as the SLAM problem.

In cooperative SLAM, each robot in the robot team explores part of the entire environment, which contains
overlapped areas. These overlapped areas could be used to establish a consistent coordinate system between robots.
These individual maps established by each robot could be merged to produce a complete global map for the explored
unknown environment(Fig. 1).

Generally, an cooperative SLAM system can be centralized or distributed [6]. In a centralized system, a prede-
fined central node gathers all collected data and performs tasks, which is hard to deployed in lots of scenarios, such
as ruins, subterranean and other large scale wild scenarios, due to the high requirements on network and heavy com-
putational burden on the central node [7, 8, 9, 10]. While in a distributed system, the computational load is divided
among robots and the communication load is greatly reduced, which makes it more flexible and applicable. The core
problem of cooperative SLAM in distributed way is how to maintain accuracy while reducing the amount of data
transmission. Several works have explored distributed SLAM [11][12], but few employed 3D LiDAR.

2 RDC-SLAM: Cooperative 3D SLAM in Distributed Way

In this paper, we developed a complete real-time distributed cooperative SLAM system, called RDC-SLAM. The
system performs in a distributed manner where the computation load is shared among robots. Each robot performs
procedures described in Fig. 2. When a new laser scan taken by 3D LiDAR arrives, it is fed to the LiDAR odometry
and the place recognition module. The PR module extracts a compact description [13] of the laser scan and with
occasional communication, produces candidate matches between laser scans from different robots. The LiDAR
odometry module computes sequential constraints and loop closure constraints to generate a map for localization.
The relative pose module extracts information from the parts of the map at candidate matches to further refine
the transformation between corresponding scans or to reject candidate matches. The distributed graph optimization
module receives initial guesses from the map, inter-data associations from the relative pose module and intra-data
associations from the LiDAR odometry module to update the map by consistently estimating multi-trajectories
through communication [14]. This system works continuously as new LiDAR data is acquired.

Robots share information during the encounters (which means that they are in the communication range). To
meet system requirements, modules involved in communication should ensure the system’s performance with low
data transmission.
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Figure 1: A demonstration for final map of cooperative SLAM. Point cloud in different colors represents data col-
lected from different robots.

Table 7: Impact of network connection distance.

Connection
distance(m)

ATE(m) Total
transmitted(KB)

Global coverage 0.0612 372
200 0.0604 323
100 0.0618 276
50 0.0876 53

None connection 0.0676 0

To prove the proposed cooperative SLAM can adopt to short-distance, short-term communication conditions and
achieve comparable performance, we have studied how the distance of the network connection affects the accuracy
and data transmission amount, which is illustrated in Table 7. The data is analyzed on KITTI [15] sequence 0. It can
be seen that the communication distance has little effect on accuracy. To some extent, short distance can even reduce
the amount of data transmission.

3 Conclusions

This paper proposes a real-time distributed cooperative SLAM system based on 3D LiDAR called RDC-SLAM.
The system is built in distributed manner and proposed with elaborate communication rules to integrate state-of-art
components. The front end is responsible for acquisition of intra data associations and inter data associations, which
are fed to the back end, while the back end of RDC-SLAM is based on a distributed graph optimization algorithm
and each robot maintains only states related to itself. This work not only reduce the pressure of communication
bandwidth and time consumption between multiple robots, but also maintain comparable accuracy.

m ieee-cps.org Page 36

http://www.ieee-cps.org/


Distributed Graph
Optimization

Relative Pose
Estimation

Place Recognition

Map

Lidar Odometry

Alternative Matches

Intra-data Associations

Inter-data Associations

Lidar Data

Figure 2: The framework for the proposed RDC-SLAM approach. The system performs in a distributed manner.
For each individual, when the new LiDAR data comes in, two threads respectively calculate local odometry (by
LiDAR odometry module) and positional relationship with neighbors (by place recognition module and relative
pose estimation module). Finally, the distributed graph optimization module integrates the inter-data associations and
intra-data associations to maintain the local map. Notablely, the consistency of multiple local maps are coordinated
through communication.
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Technical Article

Toward Efficient Distributed Combinatorial Optimization
Mikhail A. Bragin, University of Connecticut; Bing Yan, Rochester Institute of Technology

Abstract
The emergence of cyber components such as sensors as well as communication and computation devices

leads to the interconnectivity of “things” and offers decision support within physical systems such as factories
and power systems, thereby providing the infrastructure necessary to support a transition from centralized system
planning and operation to decentralized ones. The difficulty along the way of enabling this transition is the com-
binatorial complexity of the associated discrete optimization problems such as manufacturing scheduling and unit
commitment. This newsletter provides an overview of the recent methodological and modeling advancements to
enable efficient asynchronous coordination of distributed subsystems, which comprise the corresponding physical
systems, supported by cyber components such as sensors, communication devices, and distributed processors.

1 Introduction: Combinatorial Optimization and Cyber-Physical Systems

Combinatorial mathematical optimization is pervasive in many fields and plays a prominent role in problems of
importance to the society, such as 1) clean energy smart manufacturing systems for improvements of on-time deliv-
eries and for reduction of energy consumption and 2) smart grids for efficient and reliable provision of electricity
at a reduced cost while considering uncertainties due to intermittent renewables and contingencies. The associated
decision-making optimization problems involve discrete decision variables to capture the assignment status of or-
ders (such as parts to be processed) within the scheduling problems or the commitment status of power-generating
units within unit commitment problems. These problems belong to an important class of so-called “Mixed-Integer
Programming” (MIP) problems. Because of the very many possibilities in which 1) orders can be assigned to differ-
ent machines within manufacturing systems and 2) power generating units can be committed at multiple time slots
within power grids, computational requirements to obtain optimal solutions increase exponentially as the problem
size increases. However, these optimization problems need to be solved frequently and with strict time limits. For
example, manufacturing scheduling or day-ahead unit commitment problems frequently require short solving times
such as 5-10 minutes.

With the emergence of the Internet of Things empowered by smart sensors together with advanced computation
and communication technologies and with the vision of Industry 4.0, a foreseeable transition is from centralized sys-
tem planning and operation toward decentralized ones. For example, within self-optimizing manufacturing factories,
a system will consist of multiple distributed and interacting components/subsystems that need to be coordinated.
Within these futuristic factories, distributed subsystems, such as robots, machines, or parts, will be coordinated
through 5G networks to meet certain objectives, such as on-time delivery. The related operation optimization prob-
lems include planning, scheduling, and dispatching. Scheduling problems are solved before each shift and require
short solving time, such as a few minutes, and online dispatching of a part to a machine may require a few seconds.
Because of the many possible interconnections among parts and machines, an efficient communication scheme is
required to prevent bandwidth overloading. This motivates the need for efficient and coordinated operation while
ensuring high computational and communication efficiency.

2 Discrete Optimization: Difficulties on the Way to Distributed Optimization

The aforementioned problems are naturally created by establishing subsystems first and then by coupling them to-
gether to form the overall system. Within manufacturing scheduling, orders can be viewed as subsystems, which are
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Figure 1: Decomposition and coordination framework for distributed coordination within manufacturing scheduling.

coupled by machine capacity constraints [1, 2]; and within power systems, power generating units can be viewed
as subsystems, coupled by system demand and transmission capacity constraints. The problems are often formu-
lated as mixed-integer linear programming (MILP) problems, which are MIP problems with linear structures, and
integer linear programming (ILP) problems are a special case. The corresponding objective functions are additive in
terms of cost components associated with each subsystem. In addition, constraints that couple subsystems are linear,
therefore, are also additive in terms of subsystems. Such MILP problems are thus always separable.

The transition to the sensor-based and communication-enabled cyber-physical systems that include the above
problems is also complicated because of the multiple interacting components. Moreover, the inherent combinatorial
complexity implies that as a system grows, the number of the possible solutions that a system admits “explodes”
exponentially. For example, when a manufacturing factory expands to include more machines to process the growing
number of orders, the number of combinations in which parts can be processed on available machines increases
exponentially, resulting in computational challenges.

3 Distributed and Asynchronous Surrogate Lagrangian Relaxation: Paving the
Way to Efficient Distributed Optimization

To enable the transition toward decentralized system planning and operation, efficient distributed optimization meth-
ods are needed. To exploit the beautiful property of exponential reduction of complexity upon decomposition into
subproblems (e.g., “machine” or “part” subproblems), Lagrangian Relaxation (LR) was traditionally used. In the of-
fline implementation, after relaxing coupling constraints such as machine capacity constraints, “part” subproblems
are coordinated by updating Lagrangian multipliers. In essence, machines can be viewed as a “supply” of resources,
and parts can be viewed as a “demand.” The multiplies are viewed as “prices,” which are iteratively increased when
“demand” is higher than “supply,” and vice versa. While the standard LR method suffers from slow convergence
because of the need to solve all the subproblems, the major difficulties of the method have been overcome by Surro-
gate Lagrangian Relaxation (SLR) [3]. The main idea to ensure convergence is the “contraction mapping concept”
that ensures fast convergence of multipliers. The method has been further improved through an asynchronous update
of multipliers, which can be implemented both offline and online, without the need for synchronization as shown in
Figure 1 with manufacturing scheduling as an example [4].

Moreover, the communication is limited between the coordinator and subsystems (the “star network”), and the
information exchange only involves multipliers transmitted from the coordinator to the subsystems and subproblem
solutions transmitted from subsystems to the coordinator, thereby avoiding bandwidth overloading. As a result, the
plug-and-play capabilities are also enabled: parts arrive, get processed, and get shipped without disturbing the entire
network topology; and the communication requirements are much reduced and the private subsystem information is
kept by avoiding the need for subsystems such as parts to communicate with each other. The methodology has also
been successfully tested for asynchronous coordination of networked microgrids [5].

m ieee-cps.org Page 40

http://www.ieee-cps.org/


Fractional optimum

Level curves

x2

x1

x*

Convex hull

Inequalities and bounds

x* argminconv(X) f(x)

Figure 2: Formulation Tightening: “MILP to LP.”

4 Formulation Tightening: Plug-and-play Compatible Acceleration of Solution
Methodology

When subsystems of the above MILP systems are complicated with coupling constraints, such as operation prece-
dence requirements in manufacturing scheduling and ramp-rate constraints in unit commitment, the subproblems
may be still difficult to solve by state-of-practice MILP methods. To overcome this, the idea is formulation tight-
ening, which is of critical importance but has been much overlooked. For an MILP problem, an optimal solution is
guaranteed to be at one of the vertices of its convex hull and if problem constraints can be transformed to directly
delineate the convex hull (i.e., the formulation is “tight”) in the data pre-processing stage, then a solution can be
obtained by using linear programming (LP) methods without combinatorial difficulties as shown in Figure 2.

To tighten subproblem formulations in the pre-processing stage, a systematic approach has been developed for
mixed-binary linear programming problems (binary decision variables instead of integer ones) [6]. The idea is to de-
rive vertices of the convex hull without binary requirements. Vertices of the original convex hull are then innovatively
obtained by eliminating vertices with fractional values for binary variables. These vertices are converted to tightened
constraints. For general use purposes, these tightened constraints are characterized by analyzing constraint structures
and relationships between coefficients and subsystem parameters. This tremendously reduces online computational
requirements. With tightened constraints, the subproblem solutions are obtained much faster as compared with the
original formulation. The tightening procedure is also plug-and-play compatible: given a new type of subsystems
such as new parts to be manufactured, the corresponding tightened formulation is developed offline, and the overall
problem is solved with an additional type of subproblems [2] by following an asynchronous decomposition and
coordination framework of Section 3. The approach has also been extended to MILP problems with special relations
between integer and binary variables (integer variables are uniquely determined by the binary variables) [2].

5 Conclusion

This newsletter provides a brief overview of the recent solution methodological and modeling advancements to
enable efficient distributed coordination of subsystems within cyber-physical systems involving combinatorial op-
timization. This synergistic combination of sensor- and communication-based systems with the decomposition and
coordination methods paves the way toward enhanced capabilities of the cyber-physical systems to handle complex
optimization problems.
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Technical Article

A Short Survey of Automatic Generation Control Considering Cyber Security

Chunyu Chen1, Junbo Zhao2, Xiao Zhang1

1School of Electrical and Power Engineering, China University of Mining and Technology
2Department of Electrical and Computer Engineering, Mississippi State University

Abstract

To address the growing concern of cyber attacks against information system-assisted smart grid applications,
cyber security of automatic generation control (AGC) needs careful considerations. Attackers can exploit vulnera-
bilities of target communication systems (cyber layers) to affect frequency-dependent activities (physical layers).
This article presents an overview of cyber attacks against AGC. Specifically, current state-of-the-art detection and
mitigation methods are reviewed. By offering a brief introduction of existing studies on AGC cyber security, this
short survey article intends to start further investigation into this matter.

1 Introduction
Automatic generation control (AGC), also termed load frequency control (LFC), has been widely used in the sec-
ondary control architectures of various electric power systems, e.g., transmission systems and microgrids. As one
type of remote control systems, AGC relies on long-distance telecommunication, which bears more cyber risks than
its local short-distance counterpart. Even if data transmission can be established over "secure" private networks,
system operators cannot fully resist possible cyber attacks. For example, end device vulnerabilities can be exploited
to compromise the supervisory control and data acquisition (SCADA) system. Then, attackers can implement multi-
stage attacks by meticulously reconfiguring or disabling specific applications and devices. The aforementioned in-
trusion is usually performed by "far-sighted" intelligent attackers, which will conceal themselves for months to
search for the weak communication endpoint. The ultimate objective of this multi-stage attack is to sabotage the
whole system by causing wide-scale malfunction and power outages, just as the Ukraine power grid cyber attack in
2015. In fact, not all the attackers can have adequate capabilities to launch multi-stage attacks, especially when it
comes to AGC-oriented attacks. Since an AGC attack objective is generally linked to frequency destabilization or
the frequency-dependent activities, attackers can simply use remote terminal unit (RTU) vulnerabilities to damage
the integrity of frequency data transmission. In summary, AGC-oriented attacks have the following characteristics:

• Attackers want to sabotage the whole control center through meticulous attack planning and coordination.
Then, they can design more flexible and complex attack policies.

• Attackers only intrude on peripheral vulnerable edge devices (e.g., RTU). Attackers in this context usually
only aim to destabilize the frequency by damaging the frequency data transmission.

Centering around these two characteristics above, various AGC-oriented cyber security studies have been conducted.
These latest research can be categorized into two main subjects: (1) cyber attack detection; (2) cyber attack mitiga-
tion. Cyber attack detection (anomaly detection), as the name suggests, is the identification of AGC-oriented attack
scenarios. As the first stage of cyber attack defense functions, anomaly detection can distinguish anomalous (at-
tack) and normal operating conditions. Then defenders can attenuate the influence in the second stage by executing
mitigation policies. Before touching on these two subjects, this article first introduces some typical attack scenarios
which can somehow reflect real-life cyber attack activities. Then, some detection and mitigation methods are briefly
reviewed. Interested audiences can further investigate the problems and make further contributions to these subjects.
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2 AGC-Oriented Cyber Attack Scenario Analysis
Like other remote feedback control systems, AGC is mainly comprised of the controlled process (the turbine
governor-supervised power generation) and the controller (AGC control algorithm, e.g., PID), as is shown in Fig.
1. Based on attackers’ intellectual levels or capabilities, we have Scenario 1, where “dumb” attackers compromise
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Figure 1: An overview of two AGC-oriented cyber attack scenarios: Scenario 1 represents naive sensor compromise;
Scenario 2 represents advanced control center collapse.

sensors (RTU) to affect data integrity and frequency control performance. Also, we have Scenario 2, where “intelli-
gent” attackers completely collapse the SCADA system and the control center to reconfigure the AGC application. In
Scenario 1, the attacker has far less AGC information than the defender; hence, the attacker cannot design complex
polices such as the game-based or optimization-based ones. By contrast, "intelligent" attackers in Scenario 2 can
do so since they grasp the whole AGC information (e.g., the model, technical parameters, operating conditions and
constraints) after infiltrating the control center. Moreover, attackers can arbitrarily change control commands based
on the designed attack policies such that it is more hazardous and flexible than pure communication data-oriented
attacks (Scenario 1).

Recently, the proliferation of data-driven technologies is intellectualizing the originally “dumb” communication
data-oriented attacks by offering online system identification and decision making functions (as shown in Fig. 2).
Instead of randomly injecting false data or producing network traffic, attackers will learn to extract patterns and make
inferences with the aid of collected data. For example, attackers can obtain the mapping between attack input and
interested system variable (e.g., the frequency) using data-driven regression. Then, this mapping can be exploited to
achieve specific attack objectives. The aforementioned mapping operation is mainly used to reconstruct a pseudo-
model, which can mimic external features of original AGC systems. Hence, attackers can still use model-based
techniques to design attack policies based on the pseudo-model [1, 2]. Alternatively, advanced attackers can even
use online learning algorithms (e.g., on-policy reinforcement learning) to obtain real-time attack policies. Rather
than reconstructing the unknown AGC system, attackers only need to revise actions by exploration and exploitation
operations before reaching the optimal attack policy. The AGC system in this context is just an environment on which
attackers perform policies and observe system outputs. From the perspective of attackers, data-driven policy making
may have problems, including the computational complexity and possible learning non-convergence. However, it
can reduce the requirement for AGC information when attackers design more advanced policies.
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3 An Overview of Detection and Mitigation Techniques
Since cyber attack detection in the AGC systems is a special type of anomaly detection, various anomaly detection
methods, including classification-based and clustering-based ones, are possible solutions. The earliest works of
AGC cyber attack detection can arguably date back to 2014 [3]. Area control errors (ACEs) from normal and attack
scenarios are considered to possess different statistical features. Therefore, the outliers (anomalies) can be screened
out by checking tails of ACE density function. Most statistical analysis-based detection methods use scalar values,
which efface temporal details of the dynamic system responses. These temporal details, in the form of time-series
data, may contain more distinguishable patterns that cannot be extracted from scalar data. Consequently, follow-up
studies of AGC attack detection use time series data of ACE or the frequency to improve detection accuracy [4, 5].
Inspired by the digital watermarking technique in Steganography, a “small” private signal can be superimposed onto
data (e.g., control command signal). The private signal is only known to the participating units and the compromised
data will likely exhibit statistical features that are irrelevant to the private signal. Then, AGC attacks can be detected
based on this statistical heterogeneity [6]. It should be noted that detection success is highly dependent upon whether
the false data is distinguishable from the normal one. Successful detector operation demands the data heterogeneity,
which ranges from apparently statistics to inherently heterogeneous patterns. Meanwhile, self-evolving attackers
learn to develop resistance mechanisms by making the heterogeneous pattern more homogeneous, thus increasing
the difficulty of intrusion detection. For example, a generative adversarial network (GAN) can be used to generate
false data that appear authentic to the aforementioned detectors. Nevertheless, if the false data "look" very similar to
the normal one, attackers usually cannot obtain attack objectives by incurring substantial damages. Therefore, there
is a trade-off between the complexity of detection and hazard level.

Mitigation is often regarded as the second phase of the cyber attack defense mechanism of industrial cyber
physical systems (CPS). The mitigation can be classified into active mitigation and passive mitigation. In the active
mitigation, defenders will identify both the presence and the quantitative information of cyber attacks. The latter will
then contribute to the AGC controller reconfiguration, in which the controller structure or parameter change is usually
involved. In this sense, unknown input observer (UIO)-based mitigation policies belong to the active mitigation
[7, 8, 9, 10]. The main idea of UIO-based mitigation is the controller reconfiguration with reconstructed cyber attack
inputs. As for the reconstruction of cyber attack inputs, both model-based [7, 8, 9] and data-driven approaches [10]
can be applied based on system characteristics and specific design conditions. By contrast, the passive mitigation has
fixed policy at the design stage. Rather than actively reconfiguring the AGC controller, defenders choose to use the
system or the controller redundancy to “tolerate” cyber intrusions. An exploratory study of passive mitigation is for
the first time investigated in [11]. The proposed passive mitigation policy is a data-driven one. Instead of using data-
driven methods to quantify the attack inputs, a complete and integrated data-driven defending policy is designed
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using the reinforcement learning technique [11]. Neither the active nor the passive mitigation has overwhelming
advantages. Passive mitigation may be applauded for its convenience. But the limited “tolerance level” can render
it ineffective when facing some “unseen” attacks. Though the two-stage reconstruction and reconfiguration increase
the computational complexity, the active mitigation still has benefits, such as enhanced mitigation degree and attack
detection (as a by-product). The specific appealing mitigation policies vary on a case-by-case basis.

4 Conclusion
This article offers a short overview of AGC-oriented cyber security. It focuses on two subjects: 1) the feasibility and
principle of AGC-oriented cyber attacks; 2) detection and mitigation of AGC-oriented cyber attacks. The working
principles of two realistic attack scenarios, “dumb” sensor-oriented and “intelligent” control center-oriented attack
scenarios, are depicted and compared. Further, advanced composite data-driven sensor-oriented scenarios are in-
troduced. This article then briefly compare some SoTA detection and mitigation methods, including the active and
passive mitigation policies. Future work will aim to improve the detection and mitigation by considering the reduced
dependence upon AGC model and computational burdens. Also, future work will consider promoting the data-driven
active and passive mitigation policies to other industrial CPS.
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Technical Activities

1 Conferences and Workshops

• IEEE International Conference on Cyber Physical and Social Computing (CPSCom 2020)

• IEEE Sensors Council Summer School 2020

2 Special Issues in Academic Journals

• IEEE Internet of Things Journal special issue on Security, Privacy, and Trustworthiness in Intelligent Cyber-
Physical Systems and Internet-of-Things

• IEEE Transactions on Automation Science and Engineering special issue on Machine Learning for Resilient
Industrial Cyber-Physical Systems

• SCIENCE CHINA Information Sciences special issue on Cyber-Physical Systems
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twice a year: one issue in February and the other issue in October. We are soliciting contributions to the newsletter.
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• Embedded system design for CPS

• Real-time system design and scheduling for CPS

• Distributed computing and control for CPS

• Resilient and robust system design for CPS

• Security issues for CPS

• Formal methods for modeling and verification of CPS

• Emerging applications, e.g. automotive system, smart energy system, biomedical device, etc.

Please directly contact the editors and/or associate editors by email to submit your contributions.

Submission Deadline:

All contributions must be submitted by Jan. 15, 2022 in order to be included in the August issue of the newsletter.
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• Bei Yu, Chinese University of Hong Kong, Hong Kong byu@cse.cuhk.edu.hk
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